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Bubble screens have long been used f o r  a v a r i e t y  of purposes ,  rang-
ing  from c o n t r o l  o f  s t r a t i f i c a t i o n ,  d e n s i t y  c u r r e n t s ,  o i l  s p i l l s ,  s h o a l i n g ,  
i c i n g  and wave h e i g h t s ,  t o  i n d u ' c b g  a r t i f i c i a l  mixing f o r  augmenting convect ive  
L--+ I n  s p i t e  o f  , ,cPL s i d  mass transfer rates, aeration and wa te r  q u a l i t y  c o n t r o l ;  
such p o t e n t i a l ,  bubb le  s c r e e n  a p p l i c a t i o n s  have been r a t h e r  l i m i t e d  due t o  l a c k  
of p r o p e r  des ign  i n f o r m a t i o n  and c r i t e r i a .  Thus i n s p i r e d ,  a n a l y t i c a l  and 
expe r imen ta l  i n v e s t i g a t i o n s  were conducted t o  a t t a i n  a thorough unders tanding  
of the phys ic s  o f  bubb le  s c r e e n s .  Dimensional and s i m i l i t u d e  c o n s i d e r a t i o n s  
were employed t o  develop  t h e  necessa ry  requi rements  f o r  p h y s i c a l  modell ing of 
such s c r e e n s .  Th i s  l e d  t o  development of  a s e t  of s c a l i n g  l a w s ,  i n t o  which a 
s c a l e  f a c t o r  was i n t r o d u c e d  t o  account f o r  d i s t o r t i o n  o f  s i m i l i t u d e  r equ i re -  
ments. The scale Paws were c a l i b r a t e d  u s i n g  t h e  d a t a  a v a i l a b l e  i n  t h e  
l i t e r a t u r e  a s  w e l l  as those  c o l l e c t e d  f o r  t h i s  program. F i n a l l y  a  mathematical 
model, w i t h  p r o v i s i o n s  f o r  bubble c o m p r e s s i b i l i t y  and r e l a t i v e  motion i n  t h e  
fl~w,was developed t o  p r e d i c t  t h e  behavior  and performance of  bo th  2- and 
3-Dimensional bubble  s c r e e n s .  Analogy w i t h  s imple  plumes proved t o  be f r u i t -
f u l  a t  v a r i o u s  phases  of t h e  above i n v e s t i g a t i o n s .  
An e x p e r i m e n t a l  program was i n i t i a t e d  t o  ex tend  t h e  range of t h e  
a v a i l a b l e  d a t a  fo r  e v a l u a t i o n  of t h e  s c a l i n g  r e l a t i o n s h i p s  and t o  determine 
some o f  t h e  i n p u t s  f o r  t h e  mathematical  model. Such pa ramete r s  as bubble s i z e  
and s l i p  v e l o c i t i e s  were measured, a long w i t h  t h e  induced buoyancy and  v e l o c i t y  
d i s t r i b u t i o n s ,  u s i n g  hot - f i lm anemometry and a s p e c i a l l y  developed d i g i t a l  
d a t a  a n a l y s i s  t echn ique .  A set  of p re l imina ry  exper iments  was followed by 

iii 
the f i n a l  exper iments ,  which inc luded both  a s e t  of 3-Dimensional and a s e t  
of 2-Dimensional s c reens .  
The major  conclus ions  were t h a t  vo ids  r a t i o  d i s t r i b u t i o n s  may be  
adequate ly  r ep r e s en t ed  as Gaussian, t h e  r e l a t i v e  spread  r a t e  f o r  vo i d  r a t i o s ,  
A ,  ranges from 0.45 t o  0,70, and s l i p  v e l o c i t i e s  a r e  e s s e n t i a l l y  cons tan t  i n  
t h e  e n t i r e  flow. Moreover, s c a l i n g  r e l a t i o n s h i p s  which depend on source  
s t r e ng t h  ( i , e .  d e n s k e t r i c  Froude number) and a s c a l e  f a c t o r  i n co rpo r a t i ng  
r e l a t i v e  p r e s s u r e  and r e l a t i v e  submergence were developed. These permit 
t r a n s po s i t i o n  of phy,s ica l  o r  mathematical  model r e s u l t s  t o  f i e l d  s c a l e .  

P l a t e  I Overall view of 30 - f t  l o n g  by 1 5 - f t  wide 
by 4 - f t  deep  t e s t  b a s i n  and a s s o c i a t e d  equ ipmen t ,  
P l a t e  11 Close-up v i e w  .showing s e p a r a t i o n  of  p e r s o n n e l  
carriage on the  Aef t. and instrument c a r r i a g e  on t h e  r i g h t .  

This  i n v e s t i g a t i o n  was sponsored by t h e  Na t iona l  Sc i ence  ' 
Foundat ion under Grant  No, ENG 76-24226.  Pre l imina ry  work l e ad i ng  t o  the 
p r e s e n t  s t udy  was conducted as p a r t  of t h e  r e s e a r ch  p r o j e c t  e n t i t l e d  
. 
"Mechanics of Heated Su r f ace  Discharges  t o  R ive r s  - Phase 11," suppor ted  
by t h e  O f f i c e  of  Water Research and Technologya 
S p e c i a l  thanks a r e  extended t o  P r o f e s s o r  V. J .  McDonald, who, i n  
a d d i t i o n  t o  p rov id ing  un l im i t e d  acces s  t o  t h e  d a t a  a c q u i s i t i o n  and pro- 
c e s s i ng  equipment used i n  t h i s  s t udy ,  p a t i e n t l y  s p e n t  many hou r s  i n  
adap t ing  t he  d i g i t a l  a n a l y s i s  programs f o r  t he  minicomputer used.  F i n a l l y ,  
h e  c r i t i c a l l y  reviewed Chapter  4 .  
The r e p o r t  i s  e s s e n t i a l l y  t h e  same a s  t h e  d o c t o r a l  t h e s i s  e n t i t l e d  
"Air Bubble Screensf f  submi t ted  by S. Teke l i .  M r .  J. W. Mi l l e r  p layed  a  
major  r o l e  i n  t h e  c on s t r u c t i on  of  t h e  expe r imen ta l  f a c i l i t i e s .  M s .  H .  
Dillman and M r s .  M. Johnson typed t h e  r e p o r t .  The a s s i s t a n c e  of t h e s e  
pe r sons  i s  g r e a t l y  a pp r e c i a t e d  a 
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1. INTRODUCTION 

1-1 Problem 
A i r  r e l e a s e d  a t  some dep th  i n  a  w a t e r  body b reaks  i n t o  bubbles  of 
v a r i o u s  s i z e s .  A s  a r e s u l t  of t h e i r  i n h e r e n t  buoyancy, t h e  bubbles  r i s e  i n  
t h e  w a t e r ,  dragging t h e  sur rounding  w a t e r  p a r t i c l e s  a long .  Thus induced,  t h e  
bubbly  wa te r  s t ream moves upward, and i n  t h e  p roces s  e n t r a i n s  more wa te r  and 
s p r e a d s  l a t e r a l l y .  Upon r each ing  t h e  s u r f a c e ,  t h e  f low t r ans fo rms  i n t o  s u r -
f a c e  c u r r e n t s ,  which r a d i a t e  away from t h e  c e n t e r  of  t h e  v e r t i c a l  s t ream.  
Such a  f low i s  o f t e n  r e f e r r e d  t o  e i t h e r  a s  a bubb le  s c r e e n  o r  an a i r  c u r t a i n  
(Baines  and Hamilton, 1959; Larsen ,  1960; Bulson,  1961; Abraham and Burgh, 
1964; Kur ihara ,  1965; Kobus, 1968; McAnally, 1973) .  Bubble s c r e e n s  have been 
used t o  augment convec t ive  h e a t  and mass t r a n s f e r  r a t e s  i n  v a r i o u s  app l i -
c a t i o n s  (Be rg l e s ,  1969; Kenning and Kao, 1972) ;  t o  induce  a r t i f i c i a l  mixing 
f o r  c o n t r o l  of s t r a t i f i c a t i o n  and w a t e r  q u a l i t y  i n  l a k e s  and r e s e r v o i r s  
(Ford, 1963; Bernhard t ,  1967; Leach e t  a l . ,  1970; Zieminski  a n d m i t t e m o r e  
1970; I t o ,  1972; S t e f a n  e t  a l . ,  1976) ; as pneumatic  b a r r i e r s  a g a i n s t  d e n s i t y  
c u r r e n t s  (Larsen,  1960; Abraham and Burgh, 1964; Rahm and S j o b e r g ,  1965; 
Lucas ,  1969; Bruun, 1975);  i n  pneumatic breakwater  a p p l i c a t i o n s  
(Evans, 1954; Taylor ,  1955; S t r aub  e t  a l . ,  1959; Brev ik ,  1976);  i n  con-
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p r e v e n t i n g  i c i n g  i n  n a v i g a t i o n a l  waterways (Proc .  of t h e  Symposium on A i r  
Bubbl ing,  1961;  Berge, 1965; Comunica to r ,  1 9 7 8 ) .  Recent ly  i t  h a s  found 
new u s e  i n  containment  of o i l  s p i l l s  du r ing  unloading  o p e r a t i o n s  (Kobus, 
1975; Sea Technology, 1975) ,  and i n  p rov id ing  i n s t r e a m  a e r a t i o n ,  e s p e c i a l l y  
i n  n a v i g a b l e  waterways .(Water Research i n  Ac t ion ,  1976) .  I n  a lmos t  
a l l  c a s e s ,  t h e  impor t an t  f a c t o r  h a s  been t h e  induced  c u r r e n t s :  e i t h e r  
t h e  v e r t i c a l  s t ream,  a s  i n  p r even t ion  of s h o a l i n g  and s t r a t i f i c a t i o n ,  o r  
t h e  s u r f  a c e  c u r r en t s ,  t h e  c a s e  pneumatic breakwaters  o i l  s p i l l  
containment .  Such a p p l i c a t i o n s  a s  t h e  c o n t r o l  of  d en s i t y  c u r r e n t s ,  i c i n g  i n  
waterways and wa te r  q u a l i t y  depend on bo th  type  o f  c u r r e n t s .  The presence  of 
bubbles  has no t  been i n s t r umen t a l  excep t  i n  some a e r a t i o n  work. 
It was du r ing  t h e  e xp l o r a t i on  of  t h e  f e a s i b i l i t y  of ano the r  p o s s i b l e  
a p p l i c a t i o n  a r e a ,  t h a t  of enhancin-g d i l u t i o n  c a p a b i l i t i e s  a t  was tewater  d i s -
p o s a l  s i t e s  by bubble  s c r e en s ,  t h a t  t h e  s u b j e c t  of  t h e  p r e s en t  s t udy  
emerged. 
s p i t e  of  t h e  enormous p o t e n t i a l  s c r e en s ,  app l i -
c a t i o n  h a s  been s ev e r e l y  l im i t e d  due t o  l a c k  of p rope r  des ign  i n fo rma t ion  
and c r i t e r i a .  The main o b s t a c l e  i n  t h i s  a r e a  has  been t h e  d i f f i c u l t y  i n  
e s t a b l i s h i n g  gene ra l  model-prototype r e l a t i o n s h i p s .  This  ha s  f o r c ed  p o t e n t i a l  
u s e r s  t o  perform p ro to type  experiments  f o r  t h e i r  s p e c i f i c  purposes .  Even 
t h c s e  s u f f e r e d  as much from ccmpl icz t ions  due t~ f i e l d  cond i t i ons  as t h e  
i n a b i l i t y  t o  measure such important  parameters  as t h e  induced l o c a l  buoyancy, 
p o s s i b l y  due t o  inadequacy of i n s t rumen ta t i on .  Furthermore,  t h e s e  problems 
have  h i nde r ed  comparison of  t h e  technique  w i th  a l t e r n a t e  means such a s  jet  
induced mixing (Iamandi and Rouse, 1969; Ditmars,  1970).  
I n i t i a l  a t t emp t s  f o r  g e n e r a l i z a t i o n  of t h e  a v a i l a b l e  l im i t e d  d a t a  
have r e l i e d  mainly on analogy w i t h  s imple  plume a n a l y s i s  (Taylor ,  1955) .  
L a t e r ,  i t  was r e a l i z e d  t h a t  a i r  bubble  plumes d i f f e r  from s imple  plumes 
because  of  c omp r e s s i b i l i t y  of t h e  bubbles  and t h e i r  r e l a t i v e  motion w i t h  
r e s p e c t  t o  t h e  sur rounding  wa te r ,  which depends on t h e  s i z e  of  t h e  bubbles  
i nvo lved  (Kobus, 1970) .  Even i n co r po r a t i on  of  t h e s e  f a c t o r s  i n t o  t h e  formu- 
l a t i o n s  f e l l  s h o r t  of a ch i ev ing  t h e  d e s i r e d  end r e s u l t  (Cederwall  and 
Ditmars ,  1970; Brev ik ,  1977) , s i n c e  t h e  models were h i gh l y  emp i r i c a l  and 
b a s ed  on s p a r s e  d a t a .  
1 2 Obj e c t i v e s  
The promise of v a s t  a p p l i c a b i l i t y  p o t e n t i a l ,  t o g e t h e r  w i t h  t h e  
knowledge t h a t  bubbl ing  s y s  t e m s  a r e  e a s i l y  i n s t a l l e d  and r e q u i r e  r e l a t i v e l y  
s m a l l  a d d i t i o n a l  c o s t s  f o r  t h e i r  o p e r a t i on  (Proc .  o f  t h e  Symp. on A i r  Bub-
b l i n g ,  1961) s t r o n g l y  sugges t  t h e  d e s i r a b i l i t y  o f  f u r t h e r  i n v e s t i g a t i o n s  
f o r  a more thorough unders tanding  of  t h e  phys i c s  of  bubb le  s c r e en s  and 
development of  the app rop r i a t e  s c a l i n g  laws. Sp e c i f i c a l l y  the o b j e c t i v e s  
f o r  this i n v e s t i g a t i o n  w i l l  be : 
a )  t o  c r i t i c a l l y  review a v a i l a b l e  expe r imen ta l  and a n a l y t i c  
works t o  determine t h e  a r e a s  and reasons  f o r  t h e i r  shor tcomings ;  and i f  
needed,  
b )  t o  i n v e s t i g a t e  expe r imen ta l l y  i n  t h e  l a b o r a t o r y  t h e  e f f e c t  of 
t h e  r e l e v a n t  f low and geometr ic  parameters  
c) t o  develop t h e  a pp rop r i a t e  t r ans fo rma t ions  f o r  a p p l i c a t i o n s  
of  t h e  r e s u l t s  t o  p ro to type  s i t u a t i o n s -  
d) t o  g ene r a l i z e  t h e  r e s u l t s  f o r  v a r i o u s  a p p l i c a t i o n s ,  a math-
ema t i c a l  model w i l l  b e  developed t o  p r e d i c t  t h e  induced f low behav io r  
e )  t o  e v a l u a t e  any emp i r i c a l  r e l a t i o n s  o r  c o e f f i c i e n t s  which may 
b e  needed f o r  t h e  model from t h e  a v a i l a b l e  d a t a  
f )  t o  v e r i f y  t h e  performance of t h e  model 
g )  t o  make secommendations f o r  a p p l i c a t i o n  of t he  resul ts .  
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2 .  REVIEW OF PHYSICAL PROCESSES AND RELATED LITERATURE 
Energy and/or m a s s  exchange between two f l u i d s  may be ach ieved  by 
p r ov i d i ng  d i r e c t  con tac t  between t h e  two media, a s  by pas s ing  one through t h e  
o t h e r  ( a  gas  through a l i q u i d ) ,  o r  mixing one wi th  t h e  o t h e r  (gas  i n t o  gas  o r  
l i q u i d  i n t o  l i q u i d ) .  An example f o r  t h e .  l a t t e r  would be d i s p o s a l  of p o l l u t a n t s  
i n t o  t h e  atmosphere and water  bodies .  A s  an example of t h e  former,  one may 
c i te  t h e  s u b j e c t  of t h i s  i n v e s t i g a t i o n ,  bubble s c r eens ,  i n  which t h e  p o t e n t i a l  
energy  o f  a gas  i s  t r a n s f e r r e d  t o  t he  sur rounding  l i q u i d .  I n  t h e  fo l lowing ,  
t h e  rev iew w i l l  focus on t h i s  ca se ,  a i r  and water being used f o r  t h e  gaseous 
and l i q u i d  phases ,  r e s p e c t i v e l y .  Even wi th  t h i s  r e s t r i c t i o n  t h e  s u b j e c t  ma t t e r  
i s  v a s t  and t h e  i n v e s t i g a t i o n s  involved a r e  numerous. Therefore ,  only t h e  
a p p r o p r i a t e  g e n e r a l i t i e s  and t h e  p e r t i n e n t  d e t a i l s  w i l l  be mentioned. 
When a i r  i s  i n j e c t e d  through a submerged device ,  such a s  a nozz l e ,  
o r i f i c e  o r  even a s imple p o r t ,  i n t o  water ,  t h e  a i r  s t ream d i s i n t e g r a t e s  i n t o  
bubbles  of  v a r i ou s  s i z e s ,  thus  producing a l a r g e  con tac t  a r e a  between t h e  two 
phases .  The t r a n s f e r  p roces s  may occur i n  e i t h e r  o r  bo th  t h e  gene ra t i on  s t a g e  
o r  t he  r i s i n g  s t a g e  of t h e  bubbles.  There has  been i n t e r e s t  i n  t h e  f l u i d  
dynamic ( g r o s s  and/or  d e t a i l e d )  as we l l  as t h e  t r a n s f e r  a s p e c t s  of each s t age .  
Examples may be found i n  Ecuyer and.Murthy (1965),  who s t u d i e d  t h e  h e a t  t r ans -
f e r  from t h e  surrounding l i q u i d  t o  t he  bubbles genera ted  dur ing  t h e  formation 
s t a g e ,  i n  Speece e t  a l .  (1973) , who, f o r  purposes  of a e r a t i o n ,  were concerned 
w i t h  t h e  f low induced i n  a bubble s c r een  a s  we l l  a s  t h e  mass t r a n s f e r  occur r ing  
between t h e  bubbles and t h e  surrounding l i q u i d ,  and i n  Haberman and Morton 
(156) and Baker and Chao (19631, who i nve s t i g a t ed  t h e  d e t a i l s  i n  and  around 
i n d i v i d u a l  bubbles .  The primary concern has  been f o r  e s t ima t ion  o f  t h e  shape 
and s i z e  of  t h e  bubbles genera ted ,  t h e  v e l o c i t y  of r i s e  o f  t h e  i n d i v i d u a l  o r  
swarm of  bubbles  formed, and the induced mass and energy t r a n s f e r .  
2,1 Genera t ion  of Bubbles 
General  d i s cus s ions  of t h e  process  of bubble  formation and in f luenc -  
i n g  f a c t o r s  have been p re sen t ed  by Ecuyer and Murthy ( l965) ,  Wa l l i s  (1969),  
and Speece and Rayyan (1973). Here only  t ho s e  a spec t s  which may h e l p  f o r  
unders tanding  of  t h e  c h a r a c t e r i s t i c s  of bubble  s c r eens  w i l l  be o u t l i n e d .  The 
v a r i a b l e s  t h a t  p l ay  a r o l e  i n  bubble formation inc lude  t h e  gas i n j e c t i o n  r a t e ,  
t h e  gas  and l i q u i d  p r o p e r t i e s ,  and t h e  s i z e  and shape of t h e  i n j e c t o r  and t h e  
gas supply  l i n e .  The i r  i n f l u ence s  emerge i n  t h e  form of f l u i d  dynamic and 
i n t e r f a c i a l  f o r c e s  due t o  i n j e c t i o n  momentum, i n e r t i a  of t h e  d i s p l a c ed  l i q u i d ,  
buoyancy, d rag  on bubbles  during rise and i n t e r f a c i a l  t e n s i on ,  
The i n j e c t i o n  l i n e  may be such as t o  ma in t a in  a gas  .flow a t  e i t h e r  a 
" cons t an t  rate" o r  " cons t an t  p r e s su r e f v ,  The bubble  f o r n a t i o n  and gas  flow a r e  
uncoupled i n  t h e  former case ,  b u t  n o t  i n  t h e  l a t t e r  ca se .  
Depending on t h e  gas f low r a t e ,  Qa, two main regimes of bubble  
format ion  have been i d e n t i f i e d  (Everso le  e t  a l . ,  1941; Krevelen and Ho f t i j z e r ,  
1950; Benzing and Myers, 1955; Davidson and Amick, 1956; Hayes e t  a l . ,  1959).  
A t  ve ry  low f low rates (Q
a -< (Qa)c - 1 cc/ s )  9 t h e  t e rmina l  bubble  volume Vb 
can be  determined by equa t ing  t h e  buoyancy and s u r f a c e  t e n s i on  f o r c e s :  
i n  which L = circumference of t h e  i n j e c t o r ,  and p = den s i t y  of the l i q u i dpw a 
and gas  r e s p e c t i v e l y ,  and a = t h e  s u r f a c e  t e n s i on  c o e f f i c i e n t ,  Th i s  regime i s  
r e f e r r e d  t o  as t h e  s t a t i c  regime t o  d i s t i n g u i s h  i t  from t h e  dynamic regime, 
which occurs  when Q i s  inc reased  beyond (Qalc The frequency of bubble pro- a 
a 
duc t ion ,  fg has  been found t o  be cons t an t ,  wh i l e  t h e  r e s u l t i n g  bubble  s i z e  Db 
depends on ly  on t h e  buoyancy and l i q u i d  i n e r t i a  f o r c e s  i n  l i q u i d s  of low 
k inemat ic  v i s c o s i t y ,  such a s  water :  
i n  which g = a c c e l e r a t i o n  of g r av i t y  and v a l u e s  of k = 1.38 and 1.49 were found 
by Davidson and Schuler  (1960), and Krevelen and Hof t ijz e r  (1950) r e s p e c t i v e l y .  
For s epa r a t i on  of t he  two regimes,  Walters and Davidson (1962) 
re commended: 
i n  which d = i n j e c t o r  diameter .  For bo th  regimes, Qa may be expressed  as a 
combinat ion of t h e  bubble volume and t h e  product ion . f requency:  
I n  t h e  s t a t i c  regime, s i n c e  Vb = con s t . ,  f becomes p r opo r t i ona l  t o  Qa . Thus 
bo th  regimes a l low f o r  t h e  p e r i o d i c  formation of bubbles ,  whose s i z e s  a r e  
unique f o r  t h e  given Qa . 
A t  s t i l l  h ighe r  f low rates, Ecuyer and Murthy d i s t i ngu i s h ed  a t h i r d  
regime, which they  r e f e r  t o  as t h e  t u r b u l e n t  regime. Leibson e t  a l . ' s  (1956) 
pho tog raph ic  s tudy  showed a d iscont inuous  j e t  of gas ,  which d i s i n t e g r a t e s  
about  3-4 i nches  above t h e  i n j e c t o r  t o  produce a swarm of bubbles  wi th  nonuni-
.C&Om‘ s i z e s .  T- +-I.<- - m e -
LLL ,LL, LG,Lme, both  the h-F.ble size as well as the formation 
f requency  were found t o  vary randomly. Leibson e t  a l .  (1956),  and Silberman 
(1957) were a b l e  t o  approximate t h e  d i f f e r e n t  bubble s i z e s  by a log-normal 
p r o b a b i l i t y  func t ion .  Silberman (1957) p r ed i c t ed  t h e  maximum bubble s i z e  by 
a r e l a t i o n s h i p  of t h e  form of Eq. 2 .2  w i t h  k = 1 .41 .  This  r e l a t i o n s h i p  is 
s t i l l  independent  of t h e  i n j e c t o r ,  and t h e  a i r  and l i q u i d  p r o p e r t i e s .  To 
i n s u r e  t h e  occurrence of t h i s  regime, Silberman (1957) r e qu i r e s :  
- - 
Generally t h e  presence of both induced o r  forced l i q u i d  motion around 
t h e  i n j e c t o r  was noted t o  reduce the  bubble s i z e .  I n  t h e  t u rbu l en t  regime, t h e  
r educ t ion  was p ropor t iona l  t o  t h e  1 /2  power of t h e  r e l a t i v e  l i q u i d  ve l oc i t y  
(Silberman, 1957) 
Although t h e  above observat ions  a r e  c l e a r l y  v a l i d  f o r  t h e  "constant  
flow r a t e " ,  t he  same conclusion cannot be made, without  h e s i t a t i o n  f o r  t h e  
"constant  pressure i i  cases.  
2.2 Buoyant Plumes vs .  Bubble Screens 
2 .2 .1  Turbulent Buoyant J e t s  and Plumes 
When one of two misc ib le  f l u i d s ,  t o  be i d e n t i f i e d  as. an e f f l u e n t ,  i s  
discharged through a submerged o u t l e t  i n t o  t h e  o t he r ,  t o  be c a l l e d  t h e  ambient 
f l u i d ,  t h e  r e s u l t i n g  flow behavior would be s im i l a r  whether they a r e  gases o r  
l i q u i d s .  The momentum inhe ren t  i n  t h e  e f f l u e n t ,  due t o  i t s  discharge  r a t e ,  
csuses mixirig w i t h  t h e  ambient f l u i d .  Due t o  dens i ty  d i f f e rences  between the  
discharged and ambient f l u i d s ,  the  e f f l u e n t  may possess  buoyancy fo rces  i n  
add i t i on  t o  i t s  i n i t i a l  momentum. The r e l a t i v e  in f luence  of each i s  
cha rac te r i zed  by a dens imetr ic  Froude number, which r ep resen t s  t h e  r a t i o  of t h e  
i n i t i a l  momentum t o  t h e  i n i t i a l  buoyancy fo rce .  When momentum i s  the  dominant 
f a c t o r ,  as i n  the  case of thermal and sewage d ischarges ,  t he  r e s u l t i n g  flow i s  
r e f e r r e d  t o  a s  a buoyant jet .  I f ,  as i n  t h e  case of smoke s t a ck  e f f l u e n t s ,  
buoyancy dominates, t h e  flow would be known a s  a plume. A t  t he  two extremes, 
one would have e i t h e r  a simple j e t  when t h e  j e t  i s  nonbuoyant, o r  a simple 
plume when t h e  plume has no i n i t i a l  momentum. The d i s t i n c t i o n  between 
buoyant jets and plumes i s  no t  c lear -cut .  It has  been observed t h a t  what 
s t a r t s  ou t  t o  be a buoyant j e t ,  would even tua l ly  behave more l i k e  a plume 
s i n c e ,  a s  t h e  i n i t i a l  v e l o c i t y  excess i s  dep le t ed ,  t he  buoyancy e f f e c t  takes  
over  (Kotsovinos and L i s t ,  1977; Wright, 1977).  
To provide a  b a s i s  f o r  comparison wi th  bubble plumes, t h e  flow f i e l d  
f o r  t u r b u l e n t  buoyant j e t s  and plumes w i l l  be b r i e f l y  descr ibed .  
Both a submerged v e r t i c a l  t u r bu l en t  buoyant jet  and a plume have 
t h r e e  d i s t i n c t  zones. For the  sake of s im p l i c i t y b o t h  w i l l  be  r e f e r r e d  t o  a s  
a j e t .  
I n  what i s  known as  the  zone of flow es tab l i shment  (ZFE) , t h e  jet 
e n t e r s  the ambient f l u i d .  The shea r  generated between the  j e t  and t h e  
sur rounding  f l u i d  induces a  p rogres s ive ly  growing mixing zone t h a t  spreads  both 
toward the c en t e r l i n e  and i n t o  t h e  ambient f l u i d .  The po in t  a t  which the  inne r  
boundary o f  t h e  mixing zone reaches the  c e n t e r l i n e  marks t h e  end of t h i s  zone. 
The r eg i on  l y i ng  i n s i d e  t h e  inne r  boundaries has  a uniform v e l o c i t y  and con-
c e n t r a t i o n ,  equa l  t o  t h e  o u t f a l l  va lue  and has u sua l l y  been r e f e r r e d  t o  as t h e  
p o t e n t i a l  core  (Albertson e t  a l . ,  1950; Abramovich, 1963).  The core l eng th  f o r  
concen t ra t ions  of hea t  and mass i s  about 10% s ho r t e r  than t h a t  f o r  v e l o c i t y ,  
which i s  about  4-7 o u t f a l l  diameters  long ( Fo r s t a l l  and Gaylord, 1955; K i se r ,  
1963) . Except f o r  s imple plumes, t h i s  zone is dominated by t h e  i n i t i a l  momentum. 
The second of the  t h r e e  zones is  c a l l ed  t h e  zone of e s t ab l i s hed  flow 
(ZEF),  and it s t a r t s  with t h e  end of t h e  p o t e n t i a l  core and continues t o  
sp read  l i n e a r l y  i n t o  the  ambient f l u i d  u n t i l  t h e  i n i t i a l  momentum and buoyancy 
excesses  are depleted.  The flow p a t t e r n  i s  independent of t h e  s u t f a l l  
c h a r a c t e r i s t i c s ,  becoming s o l e l y  dependent on the  l o c a l  v e l o c i t y ,  buoyancy and 
ambient f low condit ions.  Even though the  v e l o c i t y  and concent ra t ion  p r o f i l e s  
are commonly assumed t o  be s im i l a r  from t h e  s t a r t ,  measurements i n  nonbuoyant 
j e t s  have shown t h a t  t h e  j e t s  do n o t  become t r u l y  se l f -preserv ing  u n t i l  some 
70 d i ame te r s  downstream of t h e  o u t f a l l  (Wygnanski and F i e d l e r ,  1969) .  Of ten  
Gaussian d i s t r i b u t i o n s  have been used f o r  t h e  s i m i l a r i t y  f unc t i on s .  
The t h i r d  zone, r e f e r r e d  t o  a s  t h e  f a r  f i e l d ,  i s  reached  when t h e  
v e l o c i t y  excess  of t h e  j e t  i s  dep le t ed .  The ambient c h a r a c t e r i s t i c s  dominate 
t h e  f low behavior .  I n  a l i q u i d ,  a buoyant j e t  may reach  t h e  s u r f a c e  be fo re  
d e p l e t i n g  i t s  v e l o c i t y  excess  and t hu s ,  i t  may sp read  h o r i z o n t a l l y  c r e a t i n g  
s u r f a c e  cu r r en t s .  I n  a s t r a t i f i e d  ambient f l u i d ,  t h i s  zone may be  t o t a l l y  
submerged (Abraham, 1972) .  
2.2.2 Bubble Screens 
The bubble s c r een  has  o f t e n  been r e f e r r e d  t o  as a  bubble  plume, con-
s i d e r i n g  t h e  s i m i l a r i t i e s  i t  d i s p l ay s  w i t h  r e s p e c t  t o  buoyant jets and plumes. 
At t h e  i n j e c t o r ,  t h e  'bubble  s c r e en  possesses  bo th  momentum and buoyancy. The 
r e l a t i v e  e f f e c t s  of each  may be  determined by d e f i n i ng  t h e  r e l e v a n t  dens ime t r i c  
Froude number, I?: 
r )  
i n  which U = i n j e c t i o n  v e l o c i t y .  Using a t y p i c a l  s e t  of Kobus's (1968) da t a :  
The r a t i o  would drop even f u r t h e r  j u s t  above t h e  i n j e c t o r .  Thus, t h e  bubble  
s c r e e n  can be c l a s s i f i e d  a s  a  plume. Indeed bubble  s c r eens  e x h i b i t  t h e  same 
g ro s s  s t r u c t u r e  as plumes. Such a  conc lus ion  would be  welcome s i n c e  it would 
p rov ide  acces s  t o  t h e  f i nd i ng s  of t h e  v a s t  buoyant jet  and plume l i t e r a t u r e .  
Unfo r tuna t e ly  a c l o s e r  observa t ion  p r o h i b i t s  one from f u r t h e r  g ene r a l i z a t i on .  
A s  a consequence of t h e  immisc ib i l i t y  of a i r  and water, Kobus (1970) no t e s  t he  
f o  l lowing  d i f f e r e n c e s  : 
1 )  I n  ZFE, t h e  f l ow  s t r u c t u r e  i s  q u i t e  d i f f e r e n t  than  t h a t  
d e s c r i b ed  f o r  plumes because  of t h e  way i n  which bubbles  a r e  gene ra t ed  
( S e c t i on  2 1). 
2) The f i n i t e  bubble  s i z e  and t h e  r e s u l t i n g  bubble  motion 
r e l a t i v e  t o  t h e  l i q u i d ,  known a s  s l i p  v e l o c i t y  must b e  accounted f o r .  
3) The s l i p  v e l o c i t y ,  and i n  t u r n  t h e  sp read  r a t e  of t h e  plume a r e  
found t o  depend on t h e  a i r  d i s cha rge  r a t e .  
4) E f f e c t s  due t o  bubble  c om2 r e s s i b i i i t y  must b e  cons idered .  
The s i g n i f i c a n c e  of t h e s e  d i f f e r en c e s  w i l l  become appa ren t  a s  t h e  
r e l e v a n t  exper imenta l  and a n a l y t i c a l  i n v e s t i g a t i o n s  are reviewed. 
2 . 3  Review of  L i t e r a t u r e  on Bubble Screens 
A g ene r a l  review of t h e  exper imenta l  and a n a l y t i c a l  work done up t o  
1961  was p r e sen t ed  by Orsoni  (1961) a long w i t h  a h i s t o r i c a l  account  of  t h e  
u s e  of pneumatic  breakwaters .  Simmons (1967) provided a d i s cu s s i on  of t h e  
p o s s i b l e  a p p l i c a t i o n  a r e a s ,  whereas a symposium i n  1961  brought  o u t  t h e  
e xpe r i e n c e  r e l a t e d  t o  p r a c t i c e  (Proceedings of t h e  Symposium on A i r  Bubbling, 
1961) .  
2 . 3 .1  Experimental  Work 
Most of t h e  s t u d i e s  mentioned i n  t h e  I n t r oduc t i on  as w e l l  as a 
number o f  i n v e s t i g a t i o n s  i n  Russ ia ,  Germany, Japan and U.S.A.  ( a l l  c i t e d  i n  
Orsoni ,  1961) p r e sen t  accounts  o f  a c t u a l  a pp l i c a t i on s ,  and model and f u l l -  
s c a l e  exper iments .  Those conducted b e f o r e  1960 were mos t ly  concerned w i t h  
t h e  breakwater  a p p l i c a t i o n  and were d i r e c t e d  toward c o l l e c t i o n  of  such 
des ign  i n fo rma t ion  a s  t h e  t ype  of waves t h a t  could b e  damped and the amount 
of a i r  i n j e c t i o n  r e qu i r ed  t o  ach ieve  t h e  d e s i r e d  a t t e nua t i on .  It was Evans 
(1954) who v e r i f i e d  t h e  importance of t h e  induced wa te r  c u r r e n t s  i n  t h e  
a t t e n u a t i o n  process .  Owen (1942) conducted l a bo r a t o r y  tests a t  a 1-1 s c a l e  
t o  de te rmine  t h e  b e s t  o r i f i c e  s i z e  and shape,  and d i r e c t i o n  of d i s cha rge  f o r  
producing t h e  f i n e s t  bubbles  and t h e  l a r g e s t  c u r r e n t s .  
A s e t  of t h e  experiments conducted i n  Germany a t  wa te r  depths  of 
22.2,  33.3, 85.0 and 240 cm, was aimed a t  de t e rmina t ion  of s c a l e  e f f e c t s  
i n  bubble  s c r e en s ;  however no s c a l e  i n f l u ence  was n o t i c e d  ( r epo r t ed  by 
Hansen, 1955).  S t raub  e t  a l .  (1959),  dur ing  comparison of e f f i c i e n c y  of 
pneumatic and hyd r au l i c  breakwaters ,  a r r i v e d  at t h e  same conc lus ion  i n  models 
w i t h  depth of  1 . 0  and 4 .5  f t .  The reason  f o r  t h i s  apparen t  f a i l u r e  w i l l  b e  
po i n t ed  out  i n  Sec t ion  3 . 1 , 2  and 3 0 2 , 1 e  
S ince  1960, t h e  scope of exper imenta l  work has  been extended t o  
a l l  phases  of a p p l i c a t i o n .  With few except ions  measurements were aimed a t  
t h e  s p e c i f i c  purpose a t  hand; thus  t h e  r e s u l t s  are d i f f i c u l t  t o  g ene r a l i z e ,  
and t h e  improvement of  understanding of t h e  dynamics of t he  induced cu r r en t s  
has  been minimal, 
The f i r s t  a t tempt  t o  i n v e s t i g a t e  t h e  dynamics of a  bubble  s c r een  
was made by Baines and Hamilton (1959).  Using s i n g l e  o r i f i c e s  of va r ious  
s i z e s ,  they observed and measured v e l o c i t i e s  i n  bo th  t h e  v e r t i c a l  and t h e  
s u r f a c e  c u r r e n t s  i n  a 8 '  x 8' x 6 '  deep tank.  Based on t h e i r  s c an t y  measure- 
ments, they observed t h e  fo l lowing  t r e n d s :  f o r  any given d i scha rge  r a t e ,  
t he  flow genera ted  was independent of t he  o r i f i c e  s i z e ,  bu t  was q u i t e  un- 
s t a b l e  due t o  random o s c i l l a t i o n s .  The maximum v e r t i c a l  v e l o c i t y  s t ayed  
cons t an t  w i t h  h e i g h t ,  wh i l e  t h e  f low width i n c r e a s ed  w i t h  t h e  s qua r e  r o o t  of 
t h e  h e i gh t .  The v e l o c i t y  p r o f i l e s  looked s i m i l a r .  
A f t e r  having found the  f low,  induced i n  t h e  l abo ra to ry  by a 
mul t i -por t  d i f f u s e r ,  t o  b e  independent of o r i f i c e  s i z e  and spac ing ,  and t h a t  
c u r r en t  meters  ope ra t e  s a t i s f a c t o r i l y  i n  the b ~ b b l e  s c r een ,  Biilson (1941) 
conducted l a rge - sca l e  measurements i n  a  912 f t  long ,  102 f t  wide a n d  36 
f t  deep dock. A f t e r  checking t h e  l a t e r a l  and l o n g i t u d i n a l  d i s t r i b u t i o n s  of 
s u r f a c e  c u r r e n t s ,  one se t  of measurements were aimed a t  de te rmina t ion  of t h e  
s u r f a c e  c u r r e n t ' s  depth and i t s  maximum v e l o c i t y  (which was e s t ima ted  t o  b e  
a t  a d i s t a n c e  equa l  t o  t h e  flow depth from t h e  a x i s )  a s  a func t ion  of 
d i f f u s e r  submergence, p o r t  s i z e  and i n j e c t i o n  r a t e .  The r e s u l t s  were pre-  
s en t ed  as: 
i n  which ho = atmospheric  p r e s su r e  as head of wa t e r ,  H and qa = i n j e c t i o n  
depth and rate r e spec t i v e l y ,  V = maximum s u r f a c e  v e l o c i t y  m d  h = depth o f  
m 
t h e  s u r f a c e  cu r r en t  (Fig.  2 .1 ) .  For a wa te r  depth of 34 f t  and Qa = 1 c f s  
p e r  ft, t h e  v a r i a t i o n  of the c e n t e r  l i n e  v e l o c i t y  w i t h  depth a s  w e l l  as f ou r  
c r o s s - s e c t i ona l  p r o f i l e s  were measured and p re sen t ed ;  however t h e  po in t  
measurements f o r  p r 0 f i I . e ~  are too  f ew  t o  be used f o r  quimt l tat lvz purposes. 
The most e x t en s i v e  measurements were undertaken by Kobus (1968) t o  
s tudy  s o l e l y  t h e  v e r t i c a l  po r t i on  of bo th  2  and 3 dimensional  s c r eens .  
Measurements cons i s t ed  of  c e n t e r  l i n e  v e l o c i t i e s ,  3 t o  6 c ros s - sec t iona l  
v e l o c i t y  p r o f i l e s  and average d en s i t y  measurements u s ing  rad io- i so topes  . 
The v e l o c i t y  p r o f i l e s  ob t a ined  by cu r r en t  meters ,  were approximated by 
Gaussian d i s t r i b u t i o n s  i n  t h e  least -square  s ense ,  and thereby ,  t h e  l o c a l  
plume w id t h s  were deduced. The p r o f i l e s  were a l s o  i n t e g r a t e d  t o  determine 
t h e  l o c a l  f l u i d  d i scharge  r a t e s .  The wid ths  and l o c a l  d e n s i t i e s  were used,  
a long  w i t h  t h e  i n j e c t i o n  r a t e ,  t o  compute an average bubble  r ise v e l o c i t y .  
Fig. 2.1 Schematic Flow Field for a Bubble Plume 

Thi s  is a r a t h e r  crude way t o  de te rmine  t h e  bubble  v e l o c i t i e s ,  s i n c e  t h e  
bubb l e s  occupy on ly  a l im i t e d  po r t i on  of t h e  flow a r e a .  Also t h i s  procedure 
p r ov i d e s  no i n fo rma t ion  on t he  i n d i v i d u a l  bubble  c h a r a c t e r i s t i c s  The 3 
d imens iona l  s c r e en  had a 4 .5  m wa te r  dep th  and t h e  d i s cha rge  rate ranged 
3from 400 t o  6200 cm / s e e .  For t h e  2 d imens iona l  c a se ,  wa t e r  dep th  w a s  2.0 
3
and 4 . 3  meters .  The d i s cha rge  v a r i e d  between 30 and 100 cm /s/cm. 
I n  a l a k e ,  Speece and Rayyan (1973) t r a c ed  Rhodamine B dye t o  
measure  t h e  c e n t e r l i n e  v e l o c i t i e s  induced by pu re  oxygen i n j e c t i o n ,  The 
i n j e c t i o n s  were mad'e a t  depths  of 30 and 60 f t  f o r  d i s cha rge  r a t e s  of 1 . 0  
(0.75 f o r  t h e  60 f t i n j e c t i o n )  and 2 .0  l i t e r s /m i n .  I n  each case ,  t h e  veloc-  
i t i e s  cou ld  b e  determined a t  only a few e l e v a t i o n s .  Even then t h e  r e l i a b i l i t y  
of  t h e  r e s u l t s  i s  dubious due t o  entrapment of bubbles  by t h e  dye sampling 
l i n e .  
2 . 3 . 2  Modelling of  Bubble Screens 
Lack of p rope r  model l ing l a w s ,  p h y s i c a l  and a n a l y t i c a l ,  f o r  bubbl- 
i n g  systems h a s  long l im i t e d  i n v e s t i g a t i o n  of such systems t o  p ro to type  
s i t u a t i o n s ,  and thus ,  t h e i r  p o t e n t i a l  a p p l i c a t i o n *  E f f o r t s  a long  t h i s  l i n e ,  
a l t hough  n o t  few, had on ly  l im i t e d  s u c c e s s .  These w i l l  b e  reviewed i n  t h e  
f o l l ow ing  s e c t i o n s .  
2 . 3 . 2 . 1  P h y s i c a l  Modelling 
For e s t ima t i on  of t h e  a i r  d i s cha rge  r a t e s  needed f o r  p ro to type  
a p p l i c a t i o n  from model r e s u l t s ,  a t t e n t i o n  was focused on de t e rmina t i on  of 
t h e  a p p r o p r i a t e  s c a l e  t rans format ions .  Consider ing t h e  requirement  of  Froude 
s i m i l i t u d e  f o r  t h e  model l ing of waves, S c h i j f  (1940) fo rmula ted  a dimension-
less combinat ion of  t h e  a i r  d i scharge  r a t e  r e qu i r ed  f o r  a t t e n u a t i o n  of  a wave 
of g iven  h e i g h t  and l e ng t h ,  and the  water  depth.  The neces sa ry  c o e f f i c i e n t  
was eva l u a t ed  from t h e  f ou r  s e t s  ' o f  Geman s c a l e  experiments;  b u t  t h e  d i s -  
charge  p r ed i c t i on s  tu rned  out  t o  be  unneces sa r i l y  h i gh  (Hansen, 1955; 
Lau r i e ,  1955) . S im i l a r  t ransformat ions  were deduced elsewhere (S t r aub  e t  
al., 1959) . Discuss ions  of such f a i l u r e s  cen t e r ed  around t h e  need f o r  
c on s i d e r a t i on  of such  e f f e c t s  as v i s c o s i t y  and tu rbu lence  i n  a d d i t i o n  t o  
Froude s c a l i n g  (Lau r i e ,  1955) .  
A more o r d e r l y  i n v e s t i g a t i o n  of t h e  bubble  s c r e en ,  i nc lud ing  t h e  
v e r t i c a l  plume, was done by Kur ihara  (1965). Generat ion o f  t h e  s u r f a c e  
c u r r e n t s  and t h e  wave a t t e nua t i on  mechanism were recognized as independent  
phenomena. Furthermore, t h e  r o l e  of such f a c t o r s  as compress ' ib i l i ty  of 
bubb le s  and t h e i r  s l i p  v e l o c i t y  were cons idered  i n  a dimensional  a n a l y s i s  and 
y i e l d e d  ( f o r  a 2-D s c r een )  : 
i n  which b and u = c h a r a c t e r i s t i c  wid th  and v e l o c i t y  of t h e  induced c .ur ren t ,  
r e s p e c t i v e l y  and U = t e rmina l  bubble v e l o c i t y .  It was r e a l i z e d  t h a t  f o r  
t 
l a r g e  bubbles  ( o r  LJt) weaker c u r r en t s  (lower U and b) would be  induced. A t  
t h e  t ime,  t h e  dependence of Ut on qa ( chap te r  3) was n o t  no t i ced .  On t h e  
o t h e r  hand, t h i s  was confirmed by t h e  a n a l y t i c a l  developments t o  b e  d i s -  
cussed i n  t h e  nex t  s e c t i o n .  Spec i f i c a t i on  of t h e  combination of t h e  
remaining terms r e q u i r e s  f u r t h e r  i n v e s t i g a t i o n .  
S a t i s f a c t i o n  of t h e  above cond i t i ons ,  i n  t h e i r  reduced £ om ,  was 
expec ted  t o  ach ieve  s i m i l a r i t y  i n  t h e  bubble  s c r eens  (Kurihara,  1965) . 
Imp l i ca t i ons  and f e a s i b i l i t y  of t h i s  s i t u a t i o n  were d i s cus sed  by Orsoni  
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(1961) at g r e a t  l eng th .  For complete s i m i l i t u d e ,  ope ra t i on  of  a model under 
suba tmospher ic  cond i t i ons  and/or  use of a h e a v i e r  ambient l i q u i d  was recom-
mended. 
The d i f f i c u l t y  o f  s a t i s f y i n g  t h e  s i m i l i t u d e  requirements  has  been 
a s s o c i a t e d  w i t h  t h e  u n c e r t a i n t y  of  s c a l i n g  bubble  induced e f f e c t s ,  which 
c l o s e l y  depend on the  bubble  s i z e  (Abraham and Burgh, 1965).  Many at tempted 
t o  avo id  t h i s  by s c a l i n g  only some c h a r a c t e r i s t j  c  v e l o c i t y  o f  t h e  induced 
c u r r e n t s  (McAnally, 1973).  I n  a s tudy  of  bubbly flows i n  s iphons  and v o r t e x  
chambers, Boughton (1959) matched t h e  r a t i o  of  model-to-prototype t e rmina l  
bubble  v e l o c i t i e s  w i t h  t h e  r a t i o  of f low v e l o c i t i e s .  To ach ieve  t h i s  wi thout  
bubble  s c a l i n g ,  kerosene bubbles were used i n  t h e  model. The f i r s t  t echnique  
igno re s  k inema t i c  s i m i l a r i t y  i n  f avo r  of dynamic s i m i l a r i t y  (induced buoyancy 
f o r c e ) ,  whereas t h e  second s a c r i f i c e d  dynamic s i m i l a r i t y  f o r  k inemat ic  
s i m i l a r i t y .  
The above d i scus s ions  po in t  t o  t h e  need f o r  some o r d e r l y  i n v e s t i -  
g a t i o n  i n  t h i s  a r e a .  
2 .3 .2 .2  A n a l y t i c a l  Modelling 
E a r l i e r  e f f o r t s  a long t h i s  l i n e  were of semi-empirical n a t u r e  and 
a t tempted  t o  p r e d i c t  t h e  maximum v e l o c i t y  and t h e  t h i cknes s  of  t h e  s u r f a c e  
c u r r e n t s .  Taylor  (1955) assumed the  a i r  bubbles  t o  b e  s m a l l  enough t o  fo l low 
t h e  l i q u i d  motion. Then analogy wi th  Schmidt 's  (1941) theory  f o r  h e a t  plumes 
from h e a t e d  bod ie s ,  l e d  t o  (given t h e  form of Eqs , 2 . 7  and 2.8) 
and 

Rur i h a r a  (1965) a r r i v e d  at similar r e s u l t s  : 
Exper imenta l ly  t h e  numer ica l  cons tan t  i n  k was found t o  b e  0.21. The form 2 
of t h e s e  r e l a t i o n s h i p s  have been used t o  p r e s en t  t h e  exper imenta l  r e s u l t s .  
Measurements of Gordier  (1959) on j e t s  of  a i r -wa te r  mix ture  d i s -  
charg ing  i n t o  a c u r r e n t  i n d i c a t e d  t h a t  t h e  mix ture  cannot b e  t r e a t e d  a s  a 
homogeneous f l u i d .  
Attempts t o  p r e d i c t  t h e  l o c a l  plume v e l o c i t i e s  and wid ths  i n  t h e  
v e r t i c a l  p o r t i o n  o f  bubb le  s c r eens  were made by Baines and Hamilton (1959),  
Kobus (1968) Cederwall  and D i t m a r s  (1970),  Speece and Rayyan (1973), and 
Brevik (1977) , Of these ,  on ly  t h e  l a s t  f ou r  produced f u l l y  developed 
models. 
Based on t h e  theory  of t u r bu l en t  buoyant je t  and plumes, t he  u sua l  
assumptions (Morton e t  a l . ,  1956) of a) s t a gnan t ,  incompress ib le  and homo-
geneous ambient f l u i d ;  b )  s t e ady  and f u l l y  t u r b u l e n t  flow; c) Boussinesq 
approximation f o r  s m a l l  d en s i t y  v a r i a t i o n s  d) boundary l a y e r  approximat i ons  ; 
e )  approximation of  v e l o c i t y  and buoyancy p r o f i l e s  by Gaussian d i s t r i b u t i o n s  
and s i m i l a r i t y  requirement  i n  t h e  flow d i r e c t i o n ;  and f )  e x i s t e n c e  of a 
v i r t u a l  sou rce  below t h e  real one were adopted.  To account f o r  compress- 
i b i l i t y  e f f e c t s ,  t h e  bubbles  were allowed t o  respond i so the rma l ly  t o  changing 
ambient h y d r o s t a t i c  p r e s su r e .  The e f f e c t  o f  r e l a t i v e  bubble  motion i s  
inco rpo ra t ed  by a l lowing  t h e  induced buoyancy t o  move w i t h  t h e  bubbles .  The 
d i f f e r e n c e s  among t h e  models and the  accuracy of t h e i r  p r ed i c t i on s  w i l l  be  
po in t ed  ou t  i n  t h e  fo l lowing  po r t i on s  of t h i s  s e c t i o n .  
Kobus (196%) developed a h i gh l y  emp i r i c a l  theory .  As a r e s u l t  of t h e  
s i m i l a r i t y  assumption,  t h e  flow width was taken  t o  grow l i n e a r l y ,  the growth 
rate r e p r e s e n t e d  by an emp i r i c a l  sp read  c o e f f i c i e n t .  Also u s i ng  expe r i -  
men t a l l y  deduced bubble  v e l o c i t i e s  (Sec t ion  2 .3 .1)  , t h e  l o c a l  buoyancy f o r c e ,  
B ,F . ,  was formula ted  a s :  
Th i s ,  when i n t r oduced  i n t o  t h e  momentum f l u x  equa t ion ,  y i e l d s  an exp re s s ion  
f o r  t h e  c e n t e r l i n e  v e l o c i t y .  The width and t h e  v e l o c i t y  exp re s s ions  were 
s o l v ed  e x p l i c i t l y  by t h e  exper imenta l  v i r t u a l  s ou r c e  dep ths ,  sp read  rates 
and t h e  bubble  v e l o c i t i e s .  The r e s u l t s  show c l o s e  agreement w i t h  t h e  mea- 
surements  e x c ep t  i n  t h e  i n i t i a l  reg ion  and t h e  s u r f a c e  zone, Bes ides  t h e  
emp i r i c a l  i n fo rma t ion  r equ i r ed ,  t he  model was c r i t i c i z e d  by Ditmars and 
Cederwal l  (1974) f o r  t h e  form of i t s  buoyancy f unc t i on  which l e d  t o  t h e  poor 
agreement a t  t h e  s ou r c e .  
A f t e r  i n c o r p o r a t i n g  the above appmxiaat i on s ,  Cederwall  m ~ dD i t m a r s  
(1970, 1974) ob t a i n ed  t h e  fo l lowing  equa t ions  f o r  t h e  f l u x e s  of volume, 
momentum and buoyancy i n  t h e  plume (F ig .  2 , l )  : 
i n  which U and Ap = l o c a l  c e n t e r l i n e  v e l o c i t y  and dens i ty  de f i c i ency  
rn m 

r e spec t i v e l y  whi le  b  = flow width a t  some e l eva t i on  z above t h e  source ;  
Us = s l i p  v e l o c i t y  due t o  t h e  r e l a t i v e  bubble motion; X = r a t i o  of r e l a t i v e  
s p r e ad  of t h e  l a t e r a l  dens i ty  and v e l o c i t y  d i s t r i b u t i o n s ;  a = entrainment  
c o e f f i c i e n t ;  and j and K a r e  r e l a t e d  by:: . 
Here K = 0 and 1 des ignates  2  and 3 dimensional plumes, r e spec t i v e l y .  
To determine the  appropr i a t e  i n i t i a l  cond i t ions ,  t h e  analogy wi th  
thermal  plumes was extended f u r t h e r  by assuming t h a t  t h e  flows behave 
s im i l a r l y  between t h e  v i r t u a l  source  and t h e  end of ZFE. ~h's i n  t h i s  reg ion ,  
z=0 and Um >> Us. With these  s imp l i f i c a t i o n s ,  t h e  con t inu i ty  and momentum 
equat ions  can be  so lved  t o  g e t :  
For 3-D case:  b = - or z 15 
For 2-D case:  b = -2~ z'  
-IF 
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(89,) 1 / 3  (2,15b) 
where z '  i s  t h e  d i s t ance  above t h e  v i r t u a l  source .  I f  t h e  compress ib i l i t y  of 
bubbles  had been neglec ted ,  Q_ ( o r  q_ )  being cons tan t ,  t h e  ( l + ~ / h _ )  term 
a a u 

would equal  1 i n  t h e  above express ions .  Then t h e s e  r e s u l t s  would be 
equ iva len t  t o  those obta ined  f o r  pure plumes (Morton e t  a l .  , 1956) .  The 
width and c e n t e r l i n e  v e l oc i t y  were computed f o r  t h e  given v i r t u a l  depth, and 
w i t h  these ,  t he  f u l l  equat ions  were numerical ly i n t e g r a t e d  to. f i n d  t h e  
step-by-step v a r i a t i o n  of U b  and Cm. The va lues  of a, h and U needed was 
m9 S 
e s t i m a t e d  as descr ibed  below. 
The au tho r s  genera ted  an a vs. Qa r e l a t i o n s h i p  us ing  Eqs. 2.14a and 
2.15a a l o n g  wi th  Kobusss d a t a  f o r  plume wid ths .  a was found t o  va ry  between 
0.044 =d 0.08, approaching 0.08 f o r  l a rge  Q i n  3-0 plumes, whereas f o r  the 
a 

2-D c a s e  a = 0.085 t o  0.115. Due t o  t h e  l i m i t e d  range of Q a v a i l a b l e  i n  t h e  

a 

second c a s e ,  t h e  asympto t ic  va lue  of a could only be  ob ta ined  from s imple  plume 
studies. T_T w a s  estimated as 0.3 m!s from Wsheman s n d  Mnr+onVs ( 1954 )  data,
S 
-Based on t h e  observa t ions  of t h e  bubble  s c r e e n s ,  X was expected t o  b e  less than 
1.0. There fo re ,  0 .1 ,  0 .2  and 0.3 were t r i e d ,  and f i n d i n g  no apparen t  s e n s i t i v -  
i t y  t o  changes i n  A i t  was s e t  t o  0 .2 .  This  i s  q u i t e  low when compared w i t h  
Chuang a n d  Goldschmidt ' s  (1970) A = 0.665, ob t a ined  i n  measurements i nvo lv ing  
t h e  s p r e a d  of bubbles i n  a  v e r t i c a l  s imple  j e t .  Comparison of t h e  model 's  pre-
d i c t i o n s  w i th  Kobus's (1968) d a t a  was found t o  be  s a t i s f a c t o r y  by t h e  au tho r s .  
However t h i s  conc lus ion  w i l l  be  c r i t i c i z e d  a t  a l a t e r  p o i n t .  
Speece and Rayyan (1973) adopted Cederwall  and itm mar's (1970) model 
w i t h  m o d i f i c a t i o n s  t o  s tudy  t h e  mass t r a n s f e r  between t h e  bubbles  and t h e  s u r -  
rounding wa te r .  The i n j e c t e d  a i r  was assumed t o  break  i n t o  bubbles  of  one 
s i z e ,  Db, which was assumed t o  vary w i t h  t h e  m a s s  t r a n s f e r  r a t e .  Thus t he  a i r  
d i s c h a r g e  was s e t  t o  be :  
Q ~ /  i s  t h e  l o c a l  bubble  s i z e .  i n  which N = number o f  bubbles (N = (2 D:) ) , and Dbz  
During t h e  numer ica l  s o l u t i o n ,  computation of D a t  each new s t e p  was fol lowedbz  
w i t h  t h e  u sua l  computations.  The p r e d i c t i o n s  f o r  c e n t e r l i n e  v e l o c i t y  were com-
p a r a b l e  w i t h  t h e i r  f i e l d  data.when a = 0.03, Us = 0.0,  and A = 0.2. So lu t ions  
t o  test  t h e  s e n s i t i v i t y  of t h e  model f o r  c e r t a i n  parameters  have y i e l d e d  
c e r t a i n  i n t e r e s t i n g  r e s u l t s :  
a )  A s  a i s  i n c r e a s e d  from 0.01 t o  0 .05,  b  and Q i n c r e a s e  w i t h  a 

cor responding  dec rea se  i n  U 

m 

b) Due t o  mass t r a n s f e r ,  bubbles  exper ienced  a r a p i d  s i z e  reduc- 
t i o n  i n  t h e  v i c i n i t y  of t h e  i n j e c t o r .  Bubbles o f  0 .2  m were completely  
absorbed ,  wh i l e  t h e  2 .0  mm ones were reduced t o  0 .9  mm f o r  a n  i n j e c t i o n  dep th  
c) For Us = 0.0  and a = 0.03,  t h e  r e s u l t s  f o r  t h e  no-mass t r a n s f e r  
c a s e  (NT) induced h i g h e r  U ,Q, momentum and k i n e t i c  energy f l w  t h a n  t h o s e  
m 
w i t h  mass t r a n s f e r  (MT) , t h e  s m a l l e s t  bubbles  (0.2 m vs 2.0 mm) producing 
t h e  l owes t  va lue s .  The t r e n d  was r eve r sed  f o r  t h e  plume wid th .  
d) Cons idera t ion  of rn) w i t hs l i p  v e l o c i t y  l e d  t o  h i g h e r  ( lower)  b ( ~  
b o t h  t h e  MT and NT. However, i n  c a s e  of MT, t h e  e f f e c t  d i s appea red  i f  Db 
was s m a l l  (0.2 mm) . 
The e f f e c t  of mass t r a n s f e r  was f u r t h e r  i n v e s t i g a t e d  i n  t h e  l abo r -  
a t o r y  by Speece and Nurfee (1973) . Consider ing t h e  t r a n s f e r  of  0  2  a long  w i t h  
t h a t  o f  N2 and C02, they have found n e g l i g i b l e  v a r i a t i o n s  i n  Db f o r  sub- 
mergences of  8 m or l e s s ,  t h e  v a r i a t i o n  be ing  smaller f o r  t h e  s m a l l e r  bubbles  
(0.2-0.5 rnm v s .  1.0-2.0 mm). However, as t h e  submergence was i n c r e a s e d ,  t h e  
bubble  s i z e s  were reduced,  even .  t o  t h e  p o i n t  o f  complete a b s o r p t i o n .  
To cons ide r  t h e  2-D plume, Brevik (1977) r ep l aced  t h e  vo lume t r i c  
f l u x ,  i n  Cederwall  and itm mars ' (1970) model, w i t h  t h e  k i n e t i c  f l u x ,  b u t  
t o  o b t a i n  a c lo sed  system of equa t i ons ,  had t o  assume t h e  s i m i l a r i t y  of  t h e  
s h e a r  stresses. Thus a c o n s t a n t  c h a r a c t e r i z i n g  t h i s  s i m i l a r i t y ,  I ,  r e p l a c e s  
a.  A t  t h e  v i r t u a l  sou rce  b o t h  dUrn/dz7 and b were equa ted  t o  ze ro .  These 
i n i t i a l  c o n d i t i o n s ,  when combined w i t h  p r e d i c t i o n s  o f  A ,  Us and I,  provide  
t h e  d a t a  and cond i t i ons  needed f o r  numer ica l  s o l u t i o n  of t h e  model. For 
what  appeared  t o  b e  s e n s i b l e  e s t i m a t e s  of A, U and I, comparison of  t h e  
S 
s o l u t i o n s  w i t h  Kobus (1968) and Bulson 's  (1961) d a t a  showed v e l o c i t y  
d i s c r e p a n c i e s ,  which were  g r e a t e r  w i t h  ~ u l s o n ' s  than  w i t h  Kobus 's .  At t h i s  
p o i n t ,  i t  seems a pp r o p r i a t e  t o  quote  Brevik (1977) ' s  conc lus ion  r ega rd i ng  
t h e  d i s c r e p a n c i e s  : 
11 Th i s  c i rcumstance  i n d i c a t e s  one of t h e  fo l l owing  two t h i n g s :  
E i t h e r  t h e  p r e s en t  t heo ry  i s  incapab le  t o  g i v e  an a c cu r a t e  
d e s c r i p t i o n  of t h e  plume, o r  s y s t ema t i c  e r r o r s  a r e  conta ined  
in t h e  observed  d a t a .  The gene ra l  s ugge s t i on  r e s u l t i n g  from 
a p p l i c a t i o n  o f  t h e  t heo ry  t o  t h e  t h r e e  examples [ r e f e r r i n g  t o  
b o t h  Kobus and Bulsons da t a ]  below i s  t h a t  measuring d i f f i c u l t i e s  
i n  t h e  two-dimensional a i r  c u r t a i n  have produced too  low c e n t e r  
l i n e  v e l o c i t i e s .  I t  is  o f  i n t e r e s t  t o  n o t e  t h a t  t h e  same sug- 
g e s t i o n  was made by Cedema l l  and Ditmars.  These au t ho r s  found 
t h a t  r ea sonab le  i n p u t  va lues  f o r  Ur-1 [us] and en t ra inment  co-
e f f i c i e n t  a would l e a d  t o  somewhat l a r g e r  c e n t e r  l i n e  v e l o c i t i e s  
than t h o s e  Kobus observed.  This  f e a t u r e  a l s o  provides  a no t h e r  
demons t ra t ion  of t h e  d u a l i t y  of  t h e  two t h e o r i e s , ' '  
There a r e  s e v e r a l  p o i n t s  r a i s e d  i n  t he  above quo t a t i on  which de- 
serve cr i t ic i sm.  The d u a l i t y  c i t e d  t o  back up t h e  model under c on s i d e r a t i on  
i s  r e a l l y  n o t  t h e r e ,  s i n c e  t h e  con t i nu i t y  and k i n e t i c  energy f l u  equa t ions  
are i n t e r changeab l e ,  and p re fe rence  of  one over  t h e  o t h e r  w i l l  n o t  i n t r oduce  
any new i n s i g h t  (Morton, 1971) .  Cederwall  and  D i t m a r s '  (1970) s ugge s t i on  of 
t oo  Pow c e n t e r l i n e  v e l o c i t i e s  due t o  i n t e g r a t i o n  of t h e  measurements over  a 
5 minute  p e r i od  should  have been v a l i d  f o r  t h e  p o i n t  sou rce  i n j e c t i o n  as 
w e l l .  The o s c i l l a t i o n s  a s s o c i a t e d  v i t h  t h e  f i ~ i t et ank  size in Kobus ( 1 9 6 3 )  
shou ld  n o t  have been a f a c t o r  i n  Bulson 's  (1961) t e s t ;  however, t h e  magnitude 
of  t h e  d i s c r e p a n c i e s  d i s p u t e s  t h i s  hypo thes i s .  Speece and ~ a y y a n ' s  (1973) 
s e n s i t i v i t y  a n a l y s i s  i n d i c a t e s  t h a t  t h e  models, i f  used w i t h  v a l u e s  of a o r  
I p r e d i c t e d  t o  approximate t h e  plume wid th  ( v e l o c i t y ) ,  would ove r e s t ima t e  
t h e  plume v e l o c i t y  (wid th) .  
Be fo re  f i n d i n g  f a u l t  with e i t h e r  t h e  exper imenta l  d a t a  o r  t h e  
t heo ry ,  i t  seems a pp r o p r i a t e  t o  s eek  v e r i f i c a t i o n  t h a t  t h e  estimates f o r  
parameters  like Us' X and a ( o r  I) a r e  reasonable .  Then the v a l i d i t y  of 
c e r t a i n  assumptions made i n  t h e  theory development must b e  i nve s t i g a t ed .  The 
assumptions of constancy of U i n  t h e  flow f i e l d ,  and t h e  approximation of 
S 
d e n s i t y  def ic iency  d i s t r i b u t i o n s  a r e  two which w i l l  r e qu i r e  experimental  
back-up. 
The Boussinesq approximation, which i s  considered t o  be v a l i d  only 
up t o  dens i ty  v a r i a t i o n s  of 2 t o  2.5%, came under s c r u t i n y  when v a r i a t i o n s  of 
up t o  15% were observed a t  as  f a r  as z/H = 0.2 from the  source.  Therefore,  
re formula t ion  of t h e  theory i n  such a way a s  t o  remedy t h i s  s i t u a t i o n  
becomes h igh ly  d e s i r ab l e .  
Another ques t ionable  a r e a  involves  the' i n i t i a l  condi t ions  used. 
The analogy assumed i n  t h e  i n i t i a l  zone is phys ica l ly  unaccep'table, s i n c e ,  
if an a i r  s t ream i s  i n j e c t e d  i n t o  wa te r ,  t h e r e  w i l l  be no entrainment  be t -  
ween a i r  and water  due t o  t h e  extreme dens i ty  d i f f e r ence  a s  w e l l  a s  t h e  
immi sc i b i l i t y  of  t h e  f l u i d s  (Batchelor ,  1954; Morton et a l . ,  1956 ) .  Further-
more t h e  i n i t i a l  va lues  of b and Urn, computed as Cederwall and Ditmars 
(1970, 74) descr ibed ,  y i e l d  too low buoyancy values a t  the  i n j e c t o r  area. 
Bes ides ,  f o r  p r ed i c t i on  purposes, t h e  presence of a  v i r t u a l  sou rce  i n t r o -  
duces t h e  add i t i ona l  requirement of p r ed i c t i ng  t h e  v i r t u a l  source ,  f o r  which 
t h e r e  a r e  l i t t l e  gu ide l ines  except  f o r  t h e  knowledge t h a t  i t  should  b e  below 
THEORETICAL 
I n  t h i s  c h a p t e r ,  dimensional  and a n a l y t i c a l  c o n s i d e r a t i o n s  w i l l  b e  
employed 	t o  unde r s t and ,  model and p r e d i c t  t h e  behav io r  of bo th  2 and  3-
Dimensional  bubble  plumes, genera ted  i n  an o the rwi se  homogeneous s t a g n a n t  
ambient  f l u i d .  Any tempera ture  v a r i a t i o n s  between t h e  i n j e c t e d  a i r  and t h e  
ambient  f l u i d  w i l l  be  ignored .  Considerable  a t t e n t i o n  w i l l  be devoted  t o  
' i n v e s t i g a t i o n  of  t h e  f e a s i b i l i t y  of p h y s i c a l  model l ing  of t h e  induced  f low 
p a t t e r n .  Various a s p e c t s  of t h e  concepts  and fo rmula t ions  d i s c u s s e d  i n  t h e  
p r e v i o u s  c h a p t e r  w i l l  be  modif ied and/or  used as g u i d e l i n e s  f o r  f u r t h e r  
developments.  
Of t h e  t h r e e  zones i n  t h e  f low f i e l d  on ly  t h e  zones o f  f l ow  e s t ab -  
l i s h m e n t  (ZFE) and e s t a b l i s h e d  flow (zEF) w i l l  b e  cons ide red  i n  d e t a i l .  The 
b e l i e f ,  t h a t  once t h e  f low behavior  i n  t h e  ZEF i s  known, t h e  developments such 
as t h a t  o f  Taylor  (1955) ,  Bulson (1961),  and Kobus (1975) w i l l  adequate ly  
d e s c r i b e  t h e  s i t u a t i o n  in t he  surface  zone, has been the nstivatisn f o r  t h e  
above d e c i s i o n .  
3 . 1  Dimensional Cons ide ra t i ons  
I n  complex f low s i t u a t i o n s ,  unders tanding  o f  t h e  r e l e v a n t  parameters ,  
t h e i r  o r d e r l y  i n v e s t i g a t i o n ,  i n t e r p r e t a t i o n  of t h e  i n v e s t i g a t i o n  r e s u l t s ,  and 
t r a n s f o r m a t i o n  of  t h e s e  r e s u l t s  t o  p ro to type  a p p l i c a t i o n s  would r e q u i r e  de t e r -  
mina t ion  of t h e  impor t an t  parameters  and t h e  p e r t i n e n t  s c a l i n g  laws. In what 
fo l l ows ,  d imens iona l  a n a l y s i s  w i l l  be  employed t o  a i d  i n  t h e  s e l e c t i o n  o f  t h e  
main parameters  and then ,  t h e  a p p r o p r i a t e  model l ing laws w i l l  b e  e s t a b l i s h e d .  
3 . 1 . 1  	 Bubble Genera t ion  and Es t imat ion  of Terminal  V e l o c i t i e s  . 
The a n a l y s i s  w i l l  b e  c a r r i e d  n u t  i n  s t a g e s  with t h e  hope t ha t  a 
c l e a r e r  unde r s t and ing  w i l l  emerge. 
3 . 1 . 1 . 1  Bubble Generat ion 
The f i r s t  ques t i on  t h a t  w i l l  be  posed i s  t h a t  of e s t ima t i ng  t h e  
s i z e  o f  t h e  bubbles  (D ) genera ted  when a i ~  a submergedi s  i n j e c t e d  through b 
opening of diameter  d i n t o  a l i q u i d .  The r e s u l t i n g  bubble  s i z e  i s  i n  gene ra l  
a f unc t i on  of the i n j e c t o r  geometry, d en s i t y  p a s  and vo lume t r i c  f l u x ,  Qa of 
t h e  a i r  as w e l l  as t h e  p r o p e r t i e s  of t h e  surro'unding l i q u i d :  d e n s i t y  pw, 
v i s c o s i t y  p, s u r f a c e  t ens ion  c o e f f i c i e n t  o ,  and f i n a l l y ,  t h e  a c c e l e r a t i o n  of 
g r a v i t y  g. Thus: 
-Db - f ( d ,  Qa, Pa, P,. lJ9 .a. g) 
i n  which pa  and g can b e  r ep l aced  by t h e  e f f e c t i v e  buoyancy Aya s i n c e  
o r  i n  dimensionless  fonn: 
pw 
Ava i l ab l e  exper imenta l  and a n a l y t i c a l  s t u d i e s  (Wal l i s ,  1969) i n d i c a t e  t h a t  
t h e  above r e l a t i o n s h i p ,  a t  low Qa' reduczs t o :  
A t  h i g h e r  Qa, t he  s u r f a c e  t ens ion  and t h e  i n j e c t o r  s i z e  e f f e c t s  become 
n e g l i g i b l e  (Wal l i s ,  1969).  When t h e  surrounding l i q u i d  i s  of low k inemat ic  
v i s c o s i t y ,  l i k e  wa te r ,  t h e  r e l a t i o n s h i p  s imp l i f i e s  t o  t h e  fo l lowing  : 
This  p a r t i c u l a r  form was a r r i v e d  a t  by exper imenta l  and a n a l y t i c a l  
c on s i d e r a t i on s  under va r ious  cond i t i ons  (Sec t ion  2.1) , 
3.1.1,2 Terminal Bubble Ve l o c i t i e s  
The t e rmina l  v e l o c i t i e s ,  Ut which t h e  genera ted  bubbles  w i l l  a t t a i n  
i n  a stagmant f l u i d  can b e  expressed  as : 
Here C i s  a vo id  r a t i o  o r  a concen t r a t i on  parameter .  I n  s i t u a t i o n s  where t h e  
concen t r a t i on  of bubbles i s  low enough f o r  i n t e r f e r e n c e  among bubbles  t o  be  
n e g l i g i b l e :  
This  i s  t o o  complex t o  be  used f o r  p r a c t i c a l  purposes;  f o r t u n a t e l y  i t  h a s  been 
p o s s i b l e  t o  d i v i d e  t h e  f u l l  range i n t o  reg ions  where on ly  p a r t  of t h e  above 
i n f l u e n c e s  a r e  dominant (Wal l i s ,  1 974) . 
3.1 ,2  The Induced Bubble Plumes 
When an i n j e c t o r ,  s ay  a po in t  sou rce ,  d i scharges  compressed a i r  a t  a 
r a t e  Qa, t h e  induced f low p r o p e r t i e s ,  such as t h e  a x i a l  f l u i d  v e l o c i t y  U
rn' 
t h e  
plume wid th  b o r  simply t h e  d i scharge  Q a t  some e l e v a t i o n  z above t h e  source  
can be expressed ,  keeping t h e  prev ious  s e c t i o n s  i n  mind, as (F ig .  2 .1)  : 
where a is  a parameter  c h a r a c t e r i z i ng  bubble s i z e  d i s t r i b u t i o n ,  Hereb 
atmospheric  head h i s  included t o  account f o r  t h e  v a r i a t i o n  of t h e  bubble 
o 
volume, thus e f f e c t i v e  buoyancy Ay due t o  compress ib i l i t y  of bubbles.  Also
a '  
concen t ra t ion  of t h e  bubbles ,  C ,  may be i n t e r p r e t e d  as t h e  l o c a l  void  r a t i o .  
Su r face  t ens ion  i s  no t  inc luded s i n c e ,  as  observed e a r l i e r ,  i t  a f f e c t s  only 
D and U f o r  t h e  bubbles and no t  t h e  f l u i d  flow. This i s  d iscussed  f u r t h e r  b  t 
i n  Appendix 1 along w i t h  t h e  compress ib i l i t y  e f f e c t .  
Eq.  3.8 can be s imp l i f i ed  by no t i ng  t h a t  t h e  bubbles a f f e c t  t h e  flow 
mainly ( o r  only) through t h e  buoyancy f l u x  t h a t  they induce.  Thus Db ,  Ut and 
C, which e s s e n t i a l l y  determine Qa, can be rep laced  i n  Eq .  3.8 by Qa: 
Applying Buckingham's II-Theorem and choosing H ,  Qa, pw as t h e  
r epea t ing  va r i ab l e s ,  one can ob ta in :  
Pw 
When -'wQa i s  combined w i t h  Q(z) /Qa t o  y i e l d  pWQ(2) , i t  can be rec-
lJH 
ognized a s  a l i q u i d  Reynolds Number. J e t  and plume s t u d i e s  i n d i c a t e  l i t t l e  
dependence of t h e  flow c h a r a c t e r i s t i c s  on t h i s  when i t  i s  h igh  enough t o  i n su r e  
a t u rbu l en t  flow s t r u c t u r e .  This i s  shown t o  be  s a t i s f i e d  i n  Appendix 2 .  
'aThus, l e t t i n g  g' = -be  t h e  e f f e c t i v e  a c ce l e r a t i on  of g r av i t y ,  
pw 
The l a s t  t e r m  expresses  t h e  source  s t r e ng t h ,  and can be recongized as  a form 
of dens imet r ic  Froude number. 
- -  
Due t o  c o m p r e s s i b i l i t y  of t h e  air bubbles ,  t h e  a i r  d i s cha rges  vary  
w i t h  d e p t h  of  submergence, t h a t  i s ,  assuming i so the rma l  cond i t i ons  : 
h 
Qa H z
- l + - ( l - F )hQaz 0 
H
Since  	-may b e  r ep l aced  i n  any exp re s s ion  by:  
ho . 
i t  fo l l ows  t h a t  Eq. 3 .11  may be  expressed  as 
Combining t h i s  exp re s s ion  w i t h  Eq. 3.12 w i l l  y i e l d ,  a f t e r  some f u r t h e r  
man ipu l a t i on : 
H z 'az 
= f3($ [l+ h ( l  - $1, 
Qaz o 0 
For a 2-Dimensional i n j e c t i o n  sou rce ,  t h e  a p p r o p r i a t e  r e l a t i o n s h i p  
would be: 
w i t h  qa as t h e  a i r  d i s cha rge  r a t e  ( a t  STP) p e r  u n i t  l e n g t h  of t h e  source .  
Even as such t h e  r e l a t i o n s h i p  is  s t i l l  t o o  ambiguous t o  be  used. It 
was hoped t h a t ,  s i n c e  Q a l r e a d y  embodies t h e  c o m p r e s s i b i l i t y  e f f e c t ,  
a z  
I3 Z[l+ -h ( 1  - g) ) l  may be dropped from t h e  above formula t ion .  When t h i s  
0 
p o s s i b i l i t y  was i n v e s t i g a t e d ,  some d i f f e r e n c e  was found, e s p e c i a l l y  between 
t h o s e  d a t a  which have t h e  wides t  s c a l e  sp read ,  which could  n o t  b e  expla ined .  
Therefore, t h e  t e r n  has been r e t a i n e d ,  
To exp lo re  t h e  n a t u r e  o f  Eq. 3 .13 f u r t h e r ,  a  s imple  a n a l y s i s  w i l l .  be  
developed by assuming t h a t  t h e  f unc t i on  may be  expressed  as a product  of t h e  
parameters  involved .  The format i s  extended t o  plume wid th  and c e n t e r l i n e  
v e l o c i t y  as we l l :  
i n  which U and F a r e ,  i n  o rde r ,  a f i c t i t i o u s  v e l o c i t y  and t h e  sou rce  Q Q 
s t r e n g t h ,  and, w i t h  P, e qua l  t o :  
and 
When t h e  above are r equ i r ed  t o  s a t i s f y  t h e  b a s i c  c o n t i n u i t y  equa t ion  
w i t h  k a numer ica l  cons t an t .  
The homogeneity requirement  f o r  t h e  powers l e ad s  t o :  
tg = 2 + 2 t l  + t2 
and 
A s im i l a r  development f o r  a 2-dimensional plume y i e l d s :  
and 
I n  t h i s  case the f ict i t - i r lus  v e l oc i t y  and t h e  source s t r e n g t h  become: 
and 
The r e l a t i o n s h i p s  i nvo lv ing  t h e  t ' s  and pi 'S  cannot  b e  eva lua t ed  a s  i 
such. As w i l l  be  demonstrated i n  Sec t ion  5 .4 ,  even f u r t h e r  a n a l y t i c a l  con-
s i d e r a t i o n s  w i l l  n o t  b e  s u f f i c i e n t  f o r  t h i s  purpose. Therefore ,  they w i l l  
have t o  be e s t ima ted  from experimental  da t a .  
3 . 2  Mode l l ing  o f  Bubble Plumes 
Use o f  a bubb l e  s c r e e n  i n  any o f  i t s  many p o s s i b l e  a p p l i c a t i o n s  
would r e q u i r e  an unde r s t and ing  and a s s e s smen t  o f  i t s  per fo rmance ,  which cou ld  
b e  a c h i e v ed  by e i t h e r  ma thema t i c a l  and /o r  s i m i l i t u d e  mode l l i ng ,  depend ing  on 
t h e  c h a r a c t e r i s t i c s  o r  p e c u l i a r i t i e s  of  t h e  p a r t i c u l a r  s i t u a t i o n  unde r  con-
s i d e r a t i o n .  At tempts  t o  develop b o t h  t e c hn i qu e s  have  been made by many. The 
comp lex i t y  o f  t h e  phenomenon and mode l l i n g  i t  h av e  been w e l l  e x emp l i f i e d  i n  
r e c e n t  s t u d y  o f  Brev ik (1977) .  The a pp a r e n t  f a i l u r e s  o f  t h e  a t t emp t s  seem t o  
b e  due a s  much t o  f a i l u r e  t o  r e cogn i ze  t h e  i n t e r d ep enden t  n a t u r e  o f  t h e  
a n a l y t i c a l  and p h y s i c a l  mode l l i ng  t e c h n i q u e s ,  e s p e c i a l l y  o f  t h e  f i r s t  on t h e  
second .  I n  what  f o l l ows ,  t h i s  i n t e rdependence  w i l l  b e  i l l u s t r a t e d  as t h e  
r equ i r emen t s  f o r  p h y s i c a l  mode l l ing  are deve loped  a l ong  w i t h  a new ma thema t i c a l  
model which  remedies  t h e  problems ment ioned i n  Chap te r  2 .  
3 . 2 , 1  P h y s i c a l  Mode l l ing  Laws 
Hyd r au l i c  mode l l i ng  of t u r b u l e n t  jets and plumes r e q u i r e s  p r op e r  
r e p r e s e n t a t i o n  o f  t h e  en t r a i nmen t  and  buoyancy e f f e c t s . Prov ided  t h e  Reynolds 
number is  h i gh  enough f o r  t h e  f low t o  b e  f u l l y  t u r b u l e n t ,  t h i s  r equ i rement  can 
b e  s a t i s f i e d  by a c h i e v i ng  u n d i s t o r t e d  g e ome t r i c a l  s i m i l a r i t y  f o r  t h e  fo rmer ,  
and d e n s ime t r i c  Froude s c a l i n g  f o r  t h e  l a t t e r  (Ackers ,  1968; S i lbe rman  and 
S t e f a n ,  1970) .  As w i l l  b e  demons t ra ted  i n  what f o l l ows ,  g e ome t r i c a l  and 
Froude s i m i l a r i t y  a r e  i n adequa t e  f o r  s i m i l i t u d e  i n  bubb le  plumes. Fo r  example,  
t h e  same Q /Q i n  model and p r o t o t y p e ,  t h a t  i s ,
z a 
can be  a ch i eved  by r e q u i r i n g  t h e  e q u a l i t y  o f  t h e  d imens ion l e s s  p r odu c t s  i n  
Eq. 3 . 13 :  
and 
I n  t h e  above exp re s s ions ,  s ub s c r i p t s  m and p s t a n d  f o r  model and p ro to type ,  
r e s p e c t i v e l y ,  wh i l e  s u b s c r i p t  R r e p r e s en t s  t h e i r  r a t i o .  
When Eq .  3 .24  i s  expressed e x p l i c i t l y :  
o r  s imply  
P 
Remembering t h a t  ho = -a and ( 1  - z/H) = LR = 1 (from Eq . 3.22) : 
Y 

This  e q u a l i t y  can b e  s a t i s f i e d  i n  e i t h e r  of  two ways : 
(' a )m 
a )  I f  ---- = 1, t h a t  i s  i f  a tmospheric  cond i t i ons  p r e v a i l  i n  bo th  
('a) 
t h e  model and the  p ro to type ,  then t h e  depth s c a l e  HR: 
T h i s ,  i f  t h e  same f l u i d  i s  used f o r  bo th  media,  would r e q u i r e  a 1-1 model. 
S ince  t h i s ,  a s  i t  s t a n d s ,  i s  of l i t t l e  i n t e r e s t ,  t h e  a l t e r n a t i v e  would be  t o  
use  a h e a v i e r  f l u i d  i n  t h e  model. 
b) I f  yR =1, 
Here t h e  1-1 s c a l e  emerges aga in  i f  bo th  t h e  model and t h e  p r o t o t y p e  a r e  con-
st r u c t e d  under a tmospher ic  cond i t i ons . Otherwise,  t h e  model must have a  
p a r t i a l  vacuum f o r  a tmospher ic  p r e s s u r e ,  
The m e r i t s  and f e a s i b i l i t y  of  t h e  above two avenues . fo r  s i m i l i t u d e  
had been d i s cus sed  a t  l e n g t h  by Orsoni  (1961) .  The immediate arguments a g a i n s t  
them a r e  t h a t  t h e  l a t t e r  is  both  c o s t l y  t o  c o n s t r u c t  and i m p r a c t i c a l  f o r  d a t a  
a c q u i s i t i o n  purposes  w h i l e  i n  t h e  former ,  e i t h e r  t h e  v i s cous  o r  s u r f a c e  t e n s i o n  
f o r c e s ,  p o s s i b l y  b o t h ,  w i l l  no l o n g e r  b e  n e g l i g i b l e  i n  a heavy f l u i d ,  l i k e  
mercury ( f o r  a s c a l e  r a t i o  of 1 t o  14) .  Then a r e a l i s t i c  approach would b e  
t o  u s e  t h e  same f l u i d ,  s a y  wa te r ,  under a tmospher ic  cond i t i ons  and e v a l u a t e  
t h e  d i s t o r t i o n  e f f e c t  due t o  i n f r i ngemen t  of t h e  s i m i l i t u d e .  A s  appa ren t  i n  
Eq .  3.25, t h e  i n f r i ngemen t  i s  maximum a t  t h e  s o u r c e  (z/H = 0) and i t  g r a d u a l l y  
d i s a p p e a r s  towards t h e  s u r f a c e  ( a s  z/H approaches  1, P approaches  1). TheR 
maximum d e v i a t i o n  depends h e a v i l y  on t h e , r a t i o  ( ~ / h) . The o r d e r  of  t h i s  
O P  
d e v i a t i o n  w i l l  be  i n d i c a t e d  f o r  t h e  exper iments  of  Bulson (1961) and Kobus 
(1968). (Sec t i on  2 .3 .1) :  even though t h e  r a t i o  o f  Kobus t o  Bulson ' s  submer-
= 4 * 3  - 0.43, n o t e  t h a t  PR i s  = (I f  0043)  = When t h egence i s  HR 10.0 1 4 1  0.715. 

exper iments  o f  t h e  c u r r e n t  i n v e s t i g a t i o n  (H 1.0 m) are compared w i t h  each of 

t h e  above s e p a r a t e l y ,  HR = 0.23 and PR = 0 . 7 7  w i t h  r e s p e c t  t o  ~ o b u s ' sdep th ,  

and HR = 0 . 1  and PR = 0.55 w i th  r e s p e c t  t o  Bulson ' s  depth.  Thus t h e  

i n f r i ngemen t  i s  nowhere a s  s e r i ou s  as t h e  depth s c a l e  i n d i c a t e s .  A f u r t h e r  
r e l i e f  wou ld  be  t h a t ,  due t o  i n i t i a l  e f f e c t s  s im i l i t u d e  would b e  d i f f i c u l t  t o  
ach ieve  c l o s e  t o  t h e  i n j e c t o r  anyway. The term s c a l e  f a c t o r  w i l l  be  used t o  
r e f e r  t o  t h e  above d ev i a t i on s  
Here,  imp l i ca t i ons  of t h e  (F ) = 1 requirement w i l l  be i nve s t i g a t ed .Q R  

(FQ)R3  when rear ranged ,  becomes : 
S ince ,  f rom Eq .  3.21: 
Qp, = (QaIR 
Eq ,  3 2 7  may be  r ewr i t t e n  as: 
F u r t h emo r e ,  t h e  flow sp reads  almost l i n e a r l y  w i t h  t h e  a x i a l  d i s t a n c e  from 
t h e  sou rce ,  
9,  = v, HR2 
When Eqs. 3.29 and 3.30 are combined, 
Based on t h i s  r e s u l t ,  g P R  may be  i nc reased  i n  l a bo r a t o r y  models,  
where measurement of low v e l o c i t i e s  i s  d i f f i c u l t ,  t o  induce h ighe r  v e l o c i t i e s .  
However, f o r  s i t u a t i o n s  where buoyancy e f f e c t s  a r e  dominant g '  R must be 
kep t  und i s to r t ed .  
Fur ther  i n s i g h t  i n t o  the  i n t e r a c t i o n  of t h e  a i r  bubbles and t h e  
induced flow can be obta ined  by using t h e  above arguments wi th  t h e  fol lowing 
schematizat ion:  
I f  t h e  geometrical  s im i l a r i t y  requirement i s  fo rced  here  as we l l :  
Then 
The impl i ca t ion  of Eqs. 3.34 and 3.35 i s  t h a t ,  i f  t h e  bubbles a r e  
s c a l ed  according t o  t h e  genera l  geometrical  s im i l i t u d e  requirement,  then t h e  
induced flow as  we l l  a s  t h e  bubble v e l o c i t i e s  w i l l  be automat ica l ly  sca led .  
Boughton (1959) adopted Eq. 3.35 as  t h e  s o l e  s im i l a r i t y  c r i t e r i o n ,  ignor ing  
Eq. 3.34.  The inadequacy of Eq .  3.35 alone can be shown by l e t t i n g  : 
i n  which k f 1, From Eq.  3.33, .  ( U )  = V /k L 1 b R  R 1 
Krevelen and ~ o f t i j  generated i n  t h ezer( l950) r e l a t e d  t h e  v e l o c i t y  of bubbles, 
dynamic regime, to  t h e  r e s u l t i n g  bubble diameter  by: 
This  along wi th  Eq s  . 3.31 and 3.37, y i e l d s  : 
Obviousl-y, t h i s  r e s u l t  i s  i n c o n s i s t e n t  w i t h  Eq, 3.36. 
Ava i l ab l e  exper imenta l  and a n a l y t i c a l  s t u d i e s  suppor t  t h e  f e a s i b i l -  
i t y  of s a t i s f y i n g  Eq. 3.34, t h a t  is of s c a l i n g  bubble  s i z e .  P r e d i c t i o n  of t h e  
s i z e  of  bubb le s  genera ted  i n  a s t a gnan t  f l u i d  (Sec t ion  2 .1 )  l e d  t o :  
Also,  expe r imen ta l  measurements of Kobus (1968) f o r  Ub produce: 
Th i s ,  a f t e r  s u b s t i t u t i n g  f o r  (Q ) f romEq .  3 .27,  reduces  t o :  
a R 
Cons is tency  and compa t i b i l i t y  of Eqs. 3.28, 3.34, 3.35, 3.39 and 3.40 wi t h  
t h e  Froude s i m i l a r i t y  requirements  (Eqs . 3 . 2 1 ,  3.27 and 3.31) gua ran t ee s  
s imu l a t i o n  o f  t h i s  phenomenon i n  a l a b o r a t o ~s u b j e c t  t o  t h e  in f r ingement  
of the s c a l e  f a c t o r ,  d i s cus sed  e a r l i e r .  
3.2.2 Mathematical  Model l i n g  
3.2. 2 e1 Zone of E s t a b l i s h ed  Flow (ZEF) 
The governing equa t i ons  f o r  t h i s  r eg ion  can b e  developed from a con-
s i d e r a t i o n  of t h e  mass and momentum f l uxe s  i n  t h e  plume. The plume c o n s i s t s  
o f  a b i n a r y  mix ture  o f  a i r  bubbles  and wa te r .  The concen t r a t i on  of t h e  a i r  
bubbles  w i l l  b e  c h a r a c t e r i z ed  by a l o c a l  vo i d  r a t i o .  The f l ow  i n  t h e  plume 
- - 
w i l l  b e  assumed t o  be:  
a )  s t e a d y  and f u l l y  t u r b u l e n t  ( s ee  Appendix 2  f o r  an assessment  
of  v i s cous  e f f e c t s )  , and 
b) 2-Dimensional Tor bo th  l i ne - sou rce  i n j e c t i o n s  and, due t o  
r a d i a l  s y m e t r y ,  f o r  po in t - sources  . 
Thus t h e  c o n s t i t u t i v e  equa t i ons  f o r  t h e  mix tu re ,  i n  c y l i n d r i c a l  p o l a r  
c o o r d i n a t e s  ( r ,  z ;  V ,  U) become (Bi rd ,  S t ewar t  and L igh t foo t  2 1960) : 
1 a aC o n t i n u i t y :  
r ar ( r  P +, V) 
 (PU) = 0 
E q s .  o f  Motion: 
r-comp . 
i n  which p ,  g and P a r e  d e n s i t y ,  g r a v i t a t i o n a l  cons t an t  and p r e s s u r e *  
When t h e  mean and t u r b u l e n t  f l u c t u a t i o n s  a r e  s e p a r a t e d  and an o r d e r  
of magnitude a n a l y s i s  i s  c a r r i e d  o u t  on t h e  mean flow equa t ions  by i nco r -  
p o r a t i n g  
a )  t h e  u s u a l  boundary l a y e r  approximat ions (Hinze 2 1975) 
b)  ignor ing the  t u r b u l e n t  f l u c t u a t i o n s  o f  p 
c )  and assuming t h a t  t h e  p r e s s u r e  o u t s i d e  t h e  plume i s  h y d r o s t a t i c  
and i t s  v a r i a t i o n s  i n  t he  plume a r e  s m a l l  (Kotsovinos,  1375) 
t h e  above equa t i ons  reduce  t o  (wi th  t h e  overhead b a r s  dropped from mean 
q u a n t i t i e s )  : 
Cont inu i ty :  -a @U) + - - a b r v )  = 0a z r ar 

au au 1 a
V e r t i c a l  Mom. p ('a, + U -) = (p, -p)g - - - ( r v u }a z r ar 
Following what i s  r e f e r r ed  t o  as  the  i n t e g r a l  technique (Morton e t  al., 1956), 
t h e  mass and momentum f lux  equat ions a r e  i n t e g r a t e d  across  t h e  plume t o  g e t :  
V e r t i c a l  Mom: 
i n  which (p Q)e r ep resen t s  t h e  mass of a i r  and water  en t r a ined  i n t o  t h e  plume 
through t h e  plume periphery.  I n  obta in ing  Eqs. 3 .41  and 3.42, t h e  boundary 
cond i t ions  were s e t  as  (Abraham, 1972) : 
At t h i s  po i n t  the mixture w i l l  b e  decomposed i n t o  i t s  components 
t o  b r i n g  add i t i ona l  i n s i g h t  i n t o  the  s i t u a t i o n .  S ince  t h e  mixture d en s i t y  
p is:  
wi th  
and 
where C i s  the concent rz t ion  of  air i n  the mixture or,  as w i l l  b e  referred t o  
i n  t h i s  work, t h e  void r a t i o .  Using these  r e l a t i on sh i p s ,  t h e  r a t e s  of mass 
and momentum f luxes  f o r  t h e  mixture may be reexpressed as: 
Here Ub and U a r e  v e l o c i t i e s  a t  which t h e  a i r  bubbles and t h e  wa te r  move i n  
W 
t h e  plume. I n  each expression,  t h e  f i r s t  term rep resen t s  t h e  mass and 
momentum f l uxe s  c a r r i e d  by t h e  water  flow whi le  t h e  second term i s  due t o  a i r  
flow. The t o t a l  mass f l u x  may be sepa ra t ed  a s :  
Water f l u x :  d (1-C)UWdA = (Pw\) 
Here (p Q ) e  = 0 s i n c e  bubbles formed from t h e  d i s so lved  air i n  t h e  en t r a i n ed  
a a 
wa te r  can be neglec ted .  Then t h e  bubble f l u x  m y  be  i n t eg r a t ed  t o  g e t :  
i n  which t h e  s u b s c r i p t  o  r e f e r s  t o  the  source .  Remembering t h a t  a i r  mass 
f l u x  is conserved, t h e  a i r  dens i ty  and volumetr ic  f l u x  changes due t o  
v a r i a t i o n  of t h e  hyd ro s t a t i c  p re s su re  w i t h  e l eva t i on .  Therefore: 
and 
i n  which p and Q a r e  t h e  va lues  under atmospheric condi t ions .  With these ,  
a a 
t h e  a i r  mass f l u x  becomes: 
C ub dA = Qaz 
Noting that,  from Eqs. 3.44-3.46: 
and -'az --I a i r  mass f l u x  may be  i n t e r p r e t e d  a; t he  buoyancy f l u x ,  t h a t  is :800 ' Pw 
P,-jA (7)
ub = Qaz 
This  i n t e r p r e t a t i o n  is  q u i t e  unders tandable  s i n c e  buoyancy i n  t h e  plume i s  in -
duced by t h e  bubbles ,  and t h e r e f o r e ,  moves wi th  t h e  a i r -bubble  v e l o c i t y .  The 
n a t u r e  o f  t h i s  v e l o c i t y  w i l l  be d i s cus sed  be fo re  proceeding any f u r t h e r .  
The a i r  bubbles  move f a s t e r  than  t h e  l o c a l  f l u i d  v e l o c i t y  by  an 
amount r e f e r r e d  t o  a s  s l i p  v e l o c i t y ,  : 
us 
Even though t h e r e  a r e  s t r ong  i n d i c a t i o n s  f o r  t h e  constancy of  U i n  bo t h  
S 
s t a gnan t  and moving l i q u i d s  f o r  bubble  s i z e s  g r e a t e r  than some (D )b c 
(Haberman and Morton, 1954; Baker and Chao, 1963) ,  s o  f a r  t h e r e  has  n o t  been 
any e x p l i c i t  measurement of i t .  A s  w i l l  be  presen ted  i n  Chapter 5, t h e  experi-  
ments conducted as p a r t  of t h i s  s tudy  i n d i c a t e  a  r e l a t i v e l y  cons t an t  s l i p  
v e l o c i t y  i n  each c ros s  s e c t i o n  as w e l l  as at  d i f f e r e n t  e l e v a t i on s .  
S im i l a r i t y  p r o f i l e s  have long been used t o  r e p r e s en t  v e l o c i t y  and 
concen t r a t i on  d i s t r i b u t i o n s  i n  t u r b u l e n t  j e t s  and plumes. Kobus 's (1968) 
measurements have a l r eady  confirmed t h a t  v e l o c i t y  d i s t r i b u t i o n s  can be  repre-
s e n t e d  by Gaussian curves succes s fu l ly .  The measurements conducted h e r e  
proved t h a t  t he  same approximations can s u c c e s s f u l l y  b e  used f o r  t h e  vo id  
r a t i o ,  o r  buoyancy de f i c i ency  d i s t r i b u t i o n s  i n  t h e  bubble  plume. Thus no t ing  
t h a t ,  
i n  which K equa l s  0 and 1 f o r  2  and 3 Dimensional plumes, t h e  fo l l owing  s i m i -
l a r i t y  p r o f i l e s  a r e  s u b s t i t u t e d  i n t o  Eqs. 3 .48,  3.49 and 3.53 ( s u b s c r i p t  w 
i s  dropped from U ' S  f o r  s i m p l i c i t y )  : 
U = urn exp [ - / 2 I 
Here s u b s c r i p t  m r e f e r s  	t o  t h e  c e n t e r l i n e  v a l u e s ,  whereas bU and bc are t h e  
U -1. C -1.
nominal  plume wid ths  a t  -= e and -= e , r e s p e c t i v e l y .  They a r e  re -  
'm cm 
l a t e d  t o  each o t h e r  by: 
bc = X bU 
2
where 1 / X  i s  r e f e r r e d  t o  as t h e  Schmidt Number, and i t  i s  taken t o  be  a 
tzn iversa l  constant, f o r  bo th  2 and 3 Dimensional j e t  and plume s t u d i e s .  When 
t h e  r e q u i r e d  i n t e g r a t i o n s  a r e  completed, one o b t a i n s  t h e  fo l lowing  f o r  f l u x e s  
o f :  
r )  
d 	 hL 
water: -ds  I ( r b 2 ) j  pwum [I- (7)j cm]3 = pw Qe 
1 + X  
d . n - 2 j  2 2XL 2 2 jMomentum: - 1- b ) p 	 U [ ~ - c , ( ~ ) ' I= (r A b ) Pw l2 Cmds 2 w m  1+2h 
i n  which j = -(K+1)/ 2  and L = i n j e c t o r  l eng th .  I n  ob ta in ing  t h e  momentum 
equa t ion ,  con t r i bu t i on s  of the  a i r . p h a s e  t o  t h e  mixture momentum were ignored 
s i n ce  pa/pw i s  roughly 1/800 and C < 0 .1  beyond t h e  immediate v i c i n i t y  of t h e
-
i n j e c t o r ,  that i s :  
and 
When t h e  ambient f l u i d  i s  of  uniform den s i t y ,  t h a t  i s  wi thout  any s t r a t i f i c a -
t i o n ,  pw = cons tan t  and Eq s .  3.58 and 3.60 r e du c e ' t o :  
r )  
The second terms i n  t h e  b racke t s  o£ t h e  l e f t  hand s i d e  of t h e  above 
two expres s ions  r ep r e s en t  t h e  con t r i bu t i on s  due t o  d en s i t y  v a r i a t i o n s  i n  t h e  
flow f i e l d .  For a g iven  va lue  of Cm, t h e  magnitude of t h e  above terms may be 
found i n  F ig .  3 . 1  as a func t ion  o f  X for both t h e  2 and 3-Dimensional plumes. 
These e f f e c t s  a r e  more apparent  i n  t h e  2-Dimensional plumes, and they i n c r e a s e  
w i t h  A.  These con t r ibu t i cms  will be  q u i t e  s i g n i f i c a n t  i n  t h e  immediate 
v i c i n i t y  o f  t h e  s ou r c e  where C w i l l  s t i l l  be h igh .  For t h e  works of Cederwall 
m 
and D i t m a r s  (1970), Speece e t  a l .  (1973) and Brevik (1977), who took X t o  be 
0 . 2 ,  t h e  above con t r i bu t i on s  may n o t  have been no t i c ed  b u t ,  f o r  X = 0.5 - 0 .7  
a s  found i n  t h i s  i n v e s t i g a t i o n ,  t h e s e  e f f e c t s  w i l l  no t  be n e g l i g i b l e .  A t  
s i t u a t i o n s  where C 5 Z%, t h e  water  mass amd momentum f l u x  express ions  reduce 
m 
t o  those  g iven  i n  Eq s .  2 .11 and 2.12. 
Fig. 3.1 Ef fec t  of X on t he  Buoyancy Te rms  
If Qe' Us'. h and t he  a pp rop r i a t e  i n i t i a l  cond i t i ons  a r e  s p e c i f i e d ,  
t h e  above s e t  o f  equa t ions  can be so ived  numer ica l ly  t o  determine U , Cm and 
m 
b a s  f u n c t i o n s  of  t h e  j e t  t r a j e c t o r y .  The n a t u r e  of Qe and t h e  i n i t i a l  con-
d i t i o n s  w i l l  b e  d i scussed  i n  t h e  fo l lowing  s e c t i o n s .  The magnitude of  
v a r i a t i o n s  of Us and A can only b e  determined exper imenta l ly .  
3 .2  2 .2  Entrainment i n  Turbulent  Jets and Plumes 
Entrainment is  a p roces s  by which a t u r b u l e n t  s t r e am  spreads  i n t o  
t h e  a d j a c e n t  l e s s  t u r bu l en t  s t ream.  The mechanism invo lves  format ion  of  a 
p e r t u r b ed  boundary, i n i t i a t e d  by t h e  v i s cous  s h e a r  at t h e  s u r f a c e  of  c on t a c t ,  
which f o l d s ,  and i n  t h e  p roces s ,  engu l f s  t h e  ambient f l u i d ,  For any g iven  type  
of  f r e e  t u r b u l e n t  f low, p r e d i c t i o n  of t h e  r a t e  of entra inment  o r  t h e  sp read  
rate, which a r e  expected t o  b e  s e t  by t h e  t u r b u l e n t  s t r u c t u r e  o f  t h e  whole 
f i e l d ,  i s  a b a s i c  problem. Thus s t imu l a t e d ,  numerous exper imenta l ,  t h e o r e t i c a l  
and phenomenological i n v e s t i g a t i o n s  have been,  and a r e  s t i l l  be ing ,  conducted 
Fa-& -C
f o r  the -miderstaiding arid fiimulatioii of the eiitraiiiiiieilt pr2rcess. ,."DL "l 
t h e s e  are reviewed i n  such  textbooks as Townsend (1956),  Turner  (1973) , and 
Hinze (1975) .  Nearly  a l l  eng inee r ing  a p p l i c a t i o n s  have had t o  be  s a t i s f i e d  
u s ing  phenomenological formula.t ions which a r e  adopted f o r  t h e  problems under 
c on s i d e r a t i on .  
The entrainment  p rocess  i n  a plume i s  expected t o  depend on t h e  
l o c a l  mean f low and buoyancy cond i t i ons  as w e l l  as t h e  ambient t u rbu l ence  and 
mean f low c h a r a c t e r i s t i c s .  Although t h e r e  have been a t t emp t s  t o  r e l a t e  t h e  
en t ra inment  fEctioes either t o  the B~yno l d sstresses (Abraham: 1972) or t o  
t h e  mean squa re  t u r bu l en t  f l u c t u a t i o n s  (Te l fo rd ,  1966) , t h e  main t r ends  have 
been: 
a )  t o  r e l a t e  t h e  r a t e  of change of t h e  l o c a l  d i s cha rge  t o  
c h a r a c t e r i s t i c  v e l o c i t i e s  (maximum o r  mean) by s u i t a b l e  p r o po r t i o n a l i t y  con-
s t a n t s ,  r e f e r r e d  t o  as en t ra inment  c o e f f i c i e n t s ,  a .  
b) t o  s p e c i f y  t h e  r a t e  of  sp read  of t h e  l o c a l  j e t  wid th  by an 
emp i r i c a l  spread  c o e f f i c i e n t ,  k .  The . f i r s t  t echnique  i s  t y p i f i e d  by t h e  work 
of  Morton e t  a l .  (1956),  who r e l a t e d  t h e  entrainment  r a t e  t o  t h e  l o c a l  maximum 
v e l o c i t y  by: 
K 
Qe = 2 IT^) a Urn 
Abraham's (1963) work i l l u s t r a t e s  t h e  second approach. 
The choice  of t h e  va lues  of t h e  en t ra inment  c o e f f i c i e n t ,  a ,  and 
t h e  s p r e ad  r a t e ,  k, depends on t h e  shape of t he  s i m i l a r i t y  p r o f i l e s  assumed 
f o r  t h e  v e l o c i t y  and d en s i t y  d i f f e r e n c e  d i s  t r i b u t i o n s  . Gaussian s i m i l a r i t y  
p r o f i l e s  have been f r equen t ly  used w i t h  Alber t son  e t  a l .  's (1950) d a t a  f o r  
s imp le  j e t s ,  and Rouse e t  a l e ' s  (1952) d a t a  f o r  s imp le  plumes t o  g e t :  
Table 3 . 1  Values of a and A f o r  2- and 3-D Jets and Plumes 
a X Flow Typ e a X 
simple j e t  
s imple plume 
These r e s u l t s  have been suppor ted  i n  g e n e r a l  by many experimenters ,  
and used t o  s o l v e  many j e t  and plume problems. 
It has  been shown t h a t  t h e  entrainment  ( a l s o  spread)  c o e f f i c i e n t  i s  
n o t  cons t an t  except  f o r  s imple  j e t s  and plumes (Abraham, 1965; L i s t  and 
Imberger,  1973) . Fox (19 70) combined t h e  k i n e t i c  energy equa t ion  w i t h  momentum 
* 
Rouse e t  a l e ' s  (1952) p r e s en t a t i on  of 0.89 was, on reexaminat ion,  found t o  
b e  i n  e r r o r  (Abraham, 1963).  
and c o n t i n u i t y  equa t ions  t o  de r ive  an en t ra inment  c o e f f i c i e n t  which accounts  
f o r  i n t e r n a l  j e t  tu rbulence  and loca l '  buoyancy e f f e c t :  
i n  which both  a and a were taken t o  be numer ica l  cons t an t s  c h a r a c t e r i z i ng1 2 
t h e  e n t r a i  ments due t o  i n t e r n a l  j e t  t u rbu lence  and buoyancy, r e s p e c t i v e l y ,9U 

m
and F-L = -g F b  The cons tan t  a,I was eva lua ted  by matching with s imple  j e t  
asynLpto t ica l ly ,  TL-- a2 ,  which was a func t ion  of h ,  was d z t em i n e d  by us ingI l c L L  
t h e  a p p r o p r i a t e  va lue  of X. a may be  es t imated  i n  a d i f f e r e n t  and, probably,  2 
more a c c u r a t e  way when X i s  no t  known. F f o r  s imple  plumes was found t o  L 

a t t a i n  a cons t an t  va lue  (Batche lor ,  1954),  For 2  and 3-Dimensional plumes 
w i t h  Gaussian s im i l a r i t y  p r o f i l e s ,  Henderson-Sellers (1978) quotes  F = 7.30 
6, 
and 16.5.  With t he se ,  a,2 becomes 0.664 and 0.413, r e s p e c t i v e l y ,  f o r  t h e  2 
and 3-Dimensional cases  when matched w i t h  t h e  a ' s  i n  t h e  above t a b l e .  
S im i l a r  formula t ions  have s i n c e  been used by Abraham (1972) and 
J i r k a  and Harleman (1973) f o r  v e r t i c a l  axisymmetric and s l o t  j e t  fo rmula t ions ,  
r e s p e c t i v e l y .  Morton (1971) c r i t i c i z e d  t h i s  approach by showing t h a t  con-
t i n u i t y ,  momentum and k i n e  t i c  energy equa t ions  a r e  l i n e a r l y  dependent and t h a t  
t he  q p a r e n t  independence nf  the i n t e g r a t e d  f a rm s  of t h e s e  equations does  not  
a c t u a l l y  b r i n g  any new phys ics  i n t o  t h e  problem. However, L i s t  and Imberger 
(19 73) a r r i v e d  a t  comparable express ions  by dimensional  cons ide ra t i ons .  
Recent ly ,  Henderson-Sellers (1978) extended t h e  formula t ion  t o  jets and 
plumes i n  s t r a t i f i e d  ambients.  Therefore  t h e  form of such  express ions  may be  
conven ien t ly  supplemented w i t h  d a t a  f o r  use.  
The e f f e c t  of ambient tu rbulence  has  u sua i i y  been considered n eg l i -  
g i b l e  compared t o  t h e  je t  tu rbulence ,  and ignored  i n  formula t ions  fox  t h e  
e s t a b l i s h e d  f low reg ions .  
In  t h e  con t ex t  o f  t h e  p r e sen t  i n v e s t i g a t i o n ,  it i s  expected t h a t  
the  en t ra inment  p roces s  -illbe  i n f luenced  by a l l  t h e  above f a c t o r s ,  A n  
exper imenta l  program w i l l  b e  i n i t i a t e d  t o  assess such e f f e c t s .  The dimensional  
a n a l y s i s  of S e c t i on  3.1.2 i n d i c a t e s  a p o s s i b l e  approach f o r  c o r r e l a t i n g  t h e  
en t ra inment  f unc t i on  w i t h  t h e  bubbly plume parameters .  
3 .2 .2 .3  So l u t i on  of t h e  Equat ions .  
Fo r  s o l u t i o n  purposes ,  the f l u x  equa t i on s  w i l l  be  nondimens i o n a l i z e d  
and s imp l i f i e d ,  us ing :  
2 1 / 5
U = (gy oa) f o r  3-D 
0, 
U = ( gT  Qa/L)113 f o r  2-D Q 

The above s u b s t i t u t i o n s  a r e  combined w i t h  Eqs. 3.59, 3 .61 ,  and 3.63 
t o  g e t :  
The i n i t i a l  condi t ions  r equ i r ed  t o  s ta r t  t h e  s o l u t i o n  of  t h e  above 
sys tem of equa t ions  w i l l  be  s p e c i f i e d  i n  t he  n ex t  s e c t i on .  Then i f  t he  appro- 
p r i a t e  A ,  U and a va lues  are s p e c i f i e d ,  t he  governing equa t ions  ma57 beS 
numer i ca l l y  i n t e g r a t e d  f o r  any given set of Q H and i n j e c t o r  c h a r a c t e r i s t i c s .  
a 
Pred i c t i on  of t h e  A, U and a values  w i l l  be d iscussed  i n  Sec t ion  5.4. When 
S 

t h e  terms P and P4  a r e  s e t  equal  t o  zero ,  t h e  r e s u l t s  w i l l  be equiva lent  t o3 
those obta ined  by inc lud ing  t h e  Boussines q approximation. 
3 .2 .2 ,4  Zone of Flow Establ ishment  (zFE) 
The i n i t i a l  va lues  a t  the  beginning of t h e  e s t ab l i s hed  flow zone 
must b e  determined from a cons idera t ion  of t h e  zone of flow es tab l i shment ,  
For tu rbu len t  j e t s ,  t h e  l eng th  of t h e  p o t e n t i a l  core i s  considered 
t o  de f ine  the  l i m i t  of ZFE. The nominal j e t  width can be determined from t he  
conserva t ion  of t he  e x i t  momentum, wh i l e  a t r an spo r t  f l u x  balance would y i e l d  
t h e  va lue  of t h e  c e n t e r l i n e  concent ra t ion .  
The bubble genera t ion  process a s  descr ibed  by S i l b eman  (1957) 
may provide a gu ide l ine  f o r  development of  the  necessary  i n i t i a l  condi t ions .  
According t o  Silberman, t he  a i r  s t ream flows about one i n s t a b i l i t y  wave l eng th  
ou t  of the  nozzle  be fo re  break.ing i n t o  bubbles.  This is  reminisc ient  of t h e  
p o t e n t i a l  core i n  buoyant jets. S imi l a r ly ,  i n  t h i s  reg ion ,  t h e  c e n t e r l i n e  void 
r a t i o s  and v e l o c i t i e s  w i l l  be  cons tant .  Here Cm = 1.0;  however t h e  v e l oc i t y  
would be unknown, e spec i a l l y  i f  t h e  i n j e c t i o n  is  made through a porous su r face .  
Then d ~ ~ / d z  zero. except f o r  i n j e c t i o n s  and dum/dz w i l l  be Unfortunately,  
from s i n g l e  nozzles ,  t h i s  zone w i l l  no t  deveiop f u i i y ,  and i t s  ex ten t  w i i i  be 
unknown. Therefore,  t h e  above condi t ions  w i l l  be  assumed t o  occur a t  z = 0.0.  
D 
" 6Then from Eq .  3.64: BK+'(v + P5) = -l+hX = 
'7" - V EFrom Eq. 3.66: (1-p4) ( 1  - Pg) 
- -  - - - -- --- -- - -.- --- ..---- - -- - -- - -- --- --- -- - -------- -- --- ----
Thus, t h e  plume width and v e l o c i t y  may be  ob ta ined  from Eqs, 3 ,68  and 3 869 
i t e r a t i v e l y .  I f  the Boussinesq approximation i s  v a l i d  (P3 = 0 and P4  = O) ,  
and Us = 0, then Eqs. 3 . 6 8  and 3.69 may b e  so lved  s imul taneous ly  t o  g e t :  
These exp re s s ions  a r e  equ iva l en t  t o  Eqs. 2.14 and 2.15 and they  may be  used 
t o  s tar t  the  i t e r a t i v e  s o l u t i o n  of Eqs. 3 . 6 8  and 3 .69 .  
7-
L L  t h e  existence of a v i r t u a l  sou rce  i s  t o  b e  accepted ,  then 
Cederwall  and itm mars' (1970) s p e c i f i c a t i o n  of  i n i t i a l  cond i t i ons  may be  modi- 
f i e d  t o  avo id  the  c r i t i c i sm  d i r e c t e d  toward i t .  mei.r excression f o r  t h e  pIii~iie 
w i d t h  (Eqs. 2.142 2.15a) may be c~mbined  wi th  Eq .  3.68 te s a t i s f y  C = 1.0  
m 
and get: 
Here Cederwall  and D i t m a r s '  form of t h e  wid th  equa t ions  is  k ep t ,  s i n c e  a i s  
u sua l l y  computed ou t  of those  express ions .  
The performance of t h e  above p o s s i b i l i t i e s  f o r  i n i t i a l  cond i t i ons  
w i l l  be  i n v e s t i g a t e d  i n  Sec t ion  5.5. 
4 ,  E,XPERIMENTAL PROGRAM 
4.  P Experimental Obj e c t i v e s  
- - - - - - - - - - - -- - - - -- -- -- - - - -- 
-The experimental  program was pice-& TiY-vki-fZfj, -some--6-f -E h i  3s-s-i=i -
t i o n s  made i n  development of t h e  s c a l i n g  r e l a t i o n s h i p s  (Sect ion 3.2.1) and 
t h e  mathematical model (Sect ion 3.2.2). New experiments were needed t o  
extend the range and d e t a i l  of measurements a l r eady  a v a i l a b l e  from o t h e r  
sources .  For example, he re to fo re  t h e r e  has been no a v a i l a b l e  d a t a  on void  
r a t i o s .  The p a r t i c u l a r  ob jec t ives  of t h e  experiments were: 
A ) .  For t h e  dimensional a n a l y s i s  and modelling: 
A . 1  	 t o  v e r i f y  t h a t  bubble s i z e  i s  a func t ion  of t h e  a i r  d ischarge  r a t e  
and the  induced buoyancy, and n o t  of t h e  i n j e c t o r  s i z e .  
A.2 	 t o  v e r i f y  t h a t  bubble ve loc i ty ,  and thus  t h e  s l i p  v e l o c i t y ,  a r e  
funct ions  of  only the bubble s i z e  and t h e  induced buoyancy. 
A.3 	 t o  a s ses s  t h e  compress ib i l i t y  and/or  s c a l e  e f f e c t  by comparison wi th  
t h e  a v a i l a b l e  experiments i n  t h e  l i t e r a t u r e .  
A. 4 t o  a s ses s  poss ib l e  v iscous  and su r face  tens ion  e f f e c t s .  
B ) .  For the  mathematical model: 
B . 1  	 t o  v e r i f y  t h a t  the  s l i p  v e l o c i t y  i s  e s s e n t i a l l y  cons tant  throughout 
t h e  flow f i e l d .  
B.2 	 t o  determine t h e  entrainment and spread  c o e f f i c i e n t s .  
B .3 	 t o  i n v e s t i g a t e  t h e  n a t u r e  of t he  i n i t i a l  condi t ions .  
B . 4  	 t o  exp la in  the  observed discrepancy between experiments and mathe- 
m a t i c a l  s o l u t i o n s  f o r  2-dimensional plumes 
4.2 Development of  t h e  Experimental  Technique 
4 .2 .1  Thermal Anemometry i n  I so the rma l ,  Two-Phase Flows 
4 . 2 . 1 . 1  Genera l  Review 
Thermal memometers a r e  used, i n  e i t h e r  c on s t an t  c u r r e n t  o r  c on s t an t  
t empe ra tu r e  mode, t o  measure one o r  more of  such f l u i d  p r o p e r t i e s  a s  v e l o c i t y ,  
t empe ra tu r e  and composition. The anemometer ou t pu t  E ( i n  v o l t s )  i s  (TSI-1975): 
i n  which A and B a r e  cons t an t s  depending on f low p r o p e r t i e s ,  V i s  t h e  flow 
v e l o c i t y ,  p is  t h e  f l u i d  d en s i t y ,  t is t h e  f l u i d  tempera ture ,  t i s  t h ef S 
o p e r a t i n g  tempera ture  of t h e  s en so r ,  and n is an exponent ~ a r ~ i n ' ~  w i t h  t h e  
v e l o c i t y  range  as we l l  as t h e  f l u i d  ( u su a l l y  taken t o  b e  2 . 0 ) .  General  
a p p l i c a t i o n s  t h i s  r e l a t i o n s h i p  are d i s cus sed  by Corrs in  Hinze 
(1959),  Bradshaw (1971),  and TSI (1975). Here on ly  p e r t i n e n t  a s p e c t s  of t h e  
anemornetny t heo ry  w i l l  be  d i scussed .  
I n  an i so the rma l  environment where t h e r e  are no composition changes,  
p and tf a r e  cons t an t .  I f  t h e  system i s  ope ra t ed  i n  c on s t an t  temperature  
mode, t i s  a l s o  cons t an t .  Then Eq.  4 . 1  reduces  t o  a  s imple  r e l a t i o n s h i p  
S 
between anemometer ou tpu t  and flow v e l o c i t y .  However, f o r  g ene r a l  a pp l i c a t i on ,  
e v a l u a t i o n  of t h e  r e l a t i o n s h i p  may, even w i th  d i r e c t  c a l i b r a t i o n  procedures ,  
become q u i t e  d i f f i c u l t  because of t h e  n o n l i n e a r i t y  involved .  Moreover, t h e  
i s o t h e rma l  environment i n  which measurement occurs  w i l l  u s u a l l y  n o t  match 
t h a t  used f o r  c a l i b r a t i o n .  
Opera t ion  of thermal  anemometers f a c e s  s p e c i a l  problems i n  l i q u i d s .  
~on . t am ina t i on  of  t he  s enso r  wi th  e i t h e r  d i r t  o r  o t h e r  p a r t i c l e s ,  e s p e c i a l l y  
gas bubbles which adhere to the sensor surface as they are driven out of 
s o l u t i o n  by e l e c t r o l y s i s ,  p r even t s  l ong  term s t a b i l i t y  i n  measurements. 
Measures, such a s  coa t i ng  t h e  senso r  wi th  qua r t z  and s t r e am l i n i n g  t h e  senso r  
shape,  deae ra t ing  t h e  l i q u i d  and . l im i t i n g  t h e  ope ra t ing  tempera ture  of t h e  
s e n s o r  reduce contaminat ion problems, and thus ,  d r i f t  i n  measurements. 
Recent a p p l i c a t i o n s  of a~lemometry i n  two-phase flows i n c l u d e  such 
s u c c e s s f u l  examples a s  a i r - a e ro so l  flows (Goldschmidt, 1965) ,  a i r - d r o p l e t  . f lows 
(He t s ron i  e t  a l . ,  1969) ,  water-steam flows a elh ha ye, 1969),  and wa t e r - a i r  flows 
(Delhaye, 1969; Chuang and Goldschmidt, 1969; Resch and Leu theusse r ,  1972; and 
Leutheusser  e t  a l . ,  1973).  The technique r e l i e s  on i d e n t i f i c a t i o n  of t h e  d i f -  
f e r ence  i n  t h e  cool ing  c h a r a c t e r i s t i c s  of t h e  sensor  i n  each  phase ,  Whenever 
a bubble encounters  t h e  senso r ,  t h e  anemometer response undergoes a sudden 
and sha rp  change, a  drop i n  t h e  case  of water  t o  a i r  t r a n s i t i o n  and a jump i n  
cases  of a i r  t o  water  and water  t o  s o l i d  con ta  minant (Rasmussen, 1967).  
I n  s tudy ing  t h e  anemometer response t o  a i r  bubbles  i n  water, Chuang 
and GoldsehEaidt (1969), a t tempted t o  c o r r e l a t e  the  peak vo l t age  drop  w i t h  
bubble s i z e ,  t h e  peak drop being a s  much a s  5 v o l t s  f o r  bubbles  of O,15 cm 
Assuming t h a t  the  bubble was of s p h e r i c a l  shape and was i n t e r c e p t e d  
by a senso r  a long i t s  diameter ,  and t h a t  i t  was moving wi th  t h e  l o c a l  f l u i d  
v e l o c i t y  a t  t h e  t i m e  of  con t a c t ,  t h e  du ra t ion  of t h e  change i n  anemometer 
response  ( o r  t h e  t r a v e r s e  time) was used, a long wi th  t h e  f l u i d  v e l o c i t y  
corresponding t o  t h e  response r i g h t  be fo re  t h e  drop, t o  determine t h e  bubble 
s i z e  (Resch and Leutheusser ,  1972; and Leutheusser  e t  a l . ,  1973).  Of these  
assumptions, Resch e t  a l .  (1974) found " i n t e r c ep t i on  along t h e  diameter"  a s  
t h e  weakest one. They n o t e  t h a t ,  f o r  a  p a r t i a l l y  i n t e r c e p t e d  bubble ,  t h e  
appa ren t  diameter ,  o r  t h e  i n t e r c e p t e d  chord l eng th ,  would be only  s l i g h t l y  
less than  t h e  diameter  when t h e  chord d is , tance  from t h e  c en t e r  is  less than  
one-third of t h e  r ad i u s .  o the rwise ,  they expec t  t he  bubble t o  s l i d e  o f f  t h e  
s en so r .  
The above approach w a s  expe r imen ta l l y  t e s t e d  by Chuang and 
Goldschmidt (1969) i n  t h e  p o t e n t i a l  co re  of a submerged jet  w i t h  bubbles  of 
known s i z e .  The r e s u l t s  showed ve ry  c l o s e  agreement w i th  t h e  fo rmu la t i on  when 
p a r t i a l  i n t e r c e p t i o n s  were s epa ra t ed .  The s i g n a l  between t h e  v o l t a g e  drops 
r e p r e s e n t e d  the l i q u i d  v e l o c i t y  and its f l u c t u a t i o n .  Delhaye (1969) and Resch 
and Leu t h eu s s e r  (1972) used t h e  r e l a t i v e  r e s i d enc e  t imes  of t h e  phases  dur ing  
a  measurement p e r i od  t o  de f ine  t h e  l o c a l  vo i d  r a t i o .  The r e s u l t s  compared 
f a vo r ab l y  with those  ob ta ined  pho tog raph i ca l l y  (Delhaye, 1969) .  Also ,  i n  a 
comparison of c y l i n d r i c a l  and con i c a l  p robes ,  Delhaye (1969) found t h a t  c o n i c a l  
p robes  caused a l e s s e r  d i s t o r t i o n  of t h e  shape  and t r a j e c t o r y  of t h e  bubbles .  
A f u r t h e r  d i s cu s s i on  of t h e  s enso r  response w i l l  be  p r e sen t ed  i n  S e c t i on  4.2.2.  
4.2.1.2 Appl i ca t i on  i n  t h i s  Study 
To avoid c a l i b r a t i o n  -problems be cause of  t empera ture  v a r i a t i o n s  -
between c a l i b r a t i o n  and measurement, Eq .  4 . 1  i s  rear ranged  as fo l l ows :  
S ince  E i s  t h e  anemometer ou tpu t ,  cont inuous e v a l u a t i on  of J i  ( t s - t f )  
r e q u i r e s  s imultaneous de t e rmina t i on  of  ts and t f .  Opera t ion  i n  con s t an t  
t empe ra tu r e  mode, when t h e  s enso r  r e s i s t a n c e  i s  k ep t  t h e  same throughout  a l l  
t e s t s ,  r e q u i r e s  t h a t  t be determined only once. Opera t ing  t h e  s en so r  i n  a 
S 
f low stream of cons t an t  v e l o c i t y  and r e p e a t i ng  t h e  measurement a t  a d i f f e r e n t  
f l u i d  tempera ture  would a l low one t o  s o l v e  f o r  ts. The f l u i d  tempera ture ,  5' 
was moni tored  w i t h  both thermocouples and mercury thermometers,  and i t  was 
found t o  be  e s s e n t i a l l y  uniform and con s t an t  f o r  any g iven  experiment .  S ince  
t would a l s o  a l low de t e rmina t i on  of t h e  f l u i d  d en s i t y ,  t h e  f l u i d  v e l o c i t y  canf  
be s e p a r a t e d  from t h e  mass v e l o c i t y  ( pV) .  During experiments ,  wa t e r  
-- 
t empera ture  v a r i a t i o n s  were l im i t e d  t o  less than  1 cO;  t h e r e f o r e  wa te r  d en s i t y  
v a r i a t i o n s  may be considered n e g l i g i b l e ,  
To reduce t he  s u s c e p t i b i l i t y  of s enso r s  t o  contaminat ion,  t a p  water  
was used  i n  t he  r e s e r v o i r s  i n  p re f e r ence  t o  t h e  l a b o r a t o r y ' s  r e c i r c u l a t i n g  
water .  The l a t t e r  was q u i t e  t u r b i d  due t o  accumulation of d i r t  and o t h e r  
p a r t i c l e s  i n  t he  sumps. 
Taking ~ e i h a y e  ' s recumendations concerning probe shape into 
account ,  a s  w e l l  as t h e i r  weak d i r e c t i o n a l  s e n s i t i v i t y  and r e s i s t a n c e  t o  con-
tamina t ion ,  c on i c a l  and hemispher ica l  p robes  were used f o r  t h e  measurements. 
4.2.2 Ch a r a c t e r i s t i c s  of Sensor  Response 
The d i f f e r e n c e  i n  t h e  h e a t  t r a n s f e r  c h a r a c t e r i s t i c s  of a i r  and 
wate r  a l lows one t o  d i s t i n g u i s h  t h e  two phases  u s ing  thermal  anernornetry, The 
response  of a s en so r  i n  a bubbly flow, t h e  a i r  s c r e en ,  will be  used t o  d i s cu s s  
and i l l u s t r a t e  t h e  a p p l i c a t i o n  of t h e  above p r i n c i p l e .  P o s s i b l e  v a r i a t i o n s  of 
the d e t a i l s  i n  a genefa!. f l ow  f i e l d  w i l l  be po i n t ed  ou t ,  
A t y p i c a l  response curve (Fig.  4.1) w i l l  be used t o  i d e n t i f y  t h e  
main c h a r a c t e r i s t i c s .  The vo l t a g e  g radua l ly  rises as the  bubble  approaches 
t h e  s en so r  (F t o  HF), s i n c e  t h e  f l u i d  immediately ahead of t h e  bubble is  being 
pushed upward wi th  t h e  same v e l o c i t y  a s  t h e  bubble.  A t  t h e  moment of con tac t ,  
.?k 
due t o  t h e  change i n  h e a t  t r a n s f e r  c h a r a c t e r i s t i c s  (Table 4.1) , t h e  vo l t a g e  
drops  r a t h e r  suddenly (HF t o  LF) . As  t h e  bubble moves ac ros s  t h e  s en so r ,  t h e  
* 
Table 4 , l  Heat T r an s f e r  Ch a r a c t e r i s t i c s  of A i r  and Water 
Thermal Convective Heat T r an s f e r  
Conduct iv i ty  ( BTU ) Coe f f i c i e n t  ( BTU2 o 1 
h r f t * ~  h r f t  F 
Water 50-3000 (heating) 
A i r  0.2-10 (hea t ing  & coo l ing )  
Bubble 

Ve locity 

Liquid 

Phase 

Time (in m s )  
Fig. 4.1 A Q p i c a l  Bubble Traverse 
c on t a c t  area probably i n c r e a s e s ,  l e ad i ng  t o  a f u r t h e r  bu t  g r adua l  drop i n  
v o l t a g e  (LF t o  LB). When t h e  bubble l e ave s  t h e  s en so r ,  t h e  v o l t a g e  rises 
s h a r p l y  t o  a l e v e l  HB equa l  t o  o r  h ighe r  than  HF, be fo re  t a i l i n g  o f f  a l i t t l e  
(HB t o  B ) .  Delhaye (1969) a t t r i b u t e s  t h i s  l a s t  obse rva t ion  t o  format ion  of a 
wake r i g h t  behind the  bubble which induces  an i n f l ow  of sur rounding  f l u i d  a s  
t h e  bubble  moves up. E l a s t i c  d i s t o r t i o n  of t h e  bubble ( e longa t ion  be fo re  
detachment and shr inkage  a f t e r  detachment) may induce a d d i t i o n a l  tu rbulence  
and t hus  a s t r onge r  wake e f f e c t .  
As i s  ev iden t  from F i g ,  4 .2  t h e  above d e s c r i p t i o n  i s  i n  no way 
unique,  s i n c e  some o r  a l l  of t h e  p a r t s  are e i t h e r  n o t  d i s t i n c t  o r  miss ing  due 
t o  s i z e  v a r i a t i o n s  o r  i n t e r f e r e n c e  from ne ighbor ing  bubbles  (F igs .  4.2 D&E)  o r  
p a r t i a l  c ro s s ings  (Fig.  4.2 A) . 
I n  Fig.  4.2A, t h e  s i g n a l  sugges t s  t h a t  t h e  bubble was e i t h e r  minute 
o r ,  more l i k e l y ,  i t ,  whatever i t s  s i z e  may have been, s imply brushed o f f  t h e  
s e n s o r ,  F igure  4.2B b r i ng s  t o  mind t h e  p o s s i b i l i t y  o f  a  bubble s l i d i n g  o f f  a 
p o r t i o n  of t h e  s enso r ,  bu t  deforming i n  t h e  p roces s .  This  f i g u r e  war ran t s  
f u r t h e r  comment because i ts  p e c u l i a r  shape t ies  i n  w i th  ~ a s r n u s s e n*~( 1967 )  
microscopic  examination of s enso r  a i r  contaminat ion,  Rasmussen found t h a t  a 
t i n y  bubble h i t t i n g  t h e  s enso r  w i l l  a t t a c h  i t s e l f  t h e r e  and grow u n t i l  i t  is 
l a r g e  enough t o  be sheared  o f f  by t h e  s t ream. This  was found t o  cause a 
sudden jump back t o  a h i ghe r  vo l t a g e  l e v e l ,  t h e  jumps appear ing  as super-
imposed sha rp  peaks ("grass").  The p e c u l i a r  shape of  t h e  s i g n a l  may be 
exp la ined  a s  fol lows:  t he  i n i t i a l  bubble  h i t  causes  a sha rp  drop (A t o  C) and 
as t h e  bubble a t t a i n s  the hot  s en so r  temperature ,  t h e  vo l t a g e  r i s e s  (CD) 
r a t h e r  sha rp ly ,  b u t  neve r  t o  t h e  o r i g i n a l  l e v e l  s i n c e  i t  i s  s t i l l  a t t ached  t o  
t h e  s enso r ,  and forms a  p l a t e a u  (D t o  E)  whi le  t h e  bubble grows u n t i l  i t  i s  
l a r g e  enough t o  be  sheared  o f f  by t h e  f low stream. Apparent ly  t h i s  growth 


must n o t  a l te r  the  c o n t a c t  a r e a  s u b s t a n t i a l l y .  Rasmussen (1967) observed a  
s lower  growth r a t e  a t  lower f l u i d  v q l o c i t i e s ,  
The sensor-flow-and-bubble i n t e r a c t i o n  w i l l  be  d i s cus sed  f u r t h e r  i n  
S e c t i o n  4 . 2 - 5 . 1  and a g ene r a l  assessment  of  t h e  e f f e c t  of  t h e  i n t e r a c t i o n  on 
the  measurements i n  t h i s  i n v e s t i g a t i o n  w i l l  be  p r e s en t ed  i n  S e c t i on  5 . 1  
4 .2 .3  Data  Acqu i s i t i on  
Ara impor tan t  f a c t o r  i n  any d a t a  a c q u i s i t i o n  process  i s  t h e  determina- 
t i o n  of t h e  amount of d a t a  needed. Inadequate  amounts of d a t a  could  l e a d  t o  
i n a c c u r a t e  r e s u l t s , . b u t  t h e  c o s t  of t h e  d a t a  g a t h e r i ng  and p r o c e s s i ng  f o r c e s  
one t o  l i m i t  t h e  amount t o  t h e  b a r e  minimum which w i l l  a s s u r e  s t a t i s t i c a l l y  
meaningfu l  r e s u l t s .  I n  t h e  p r e s en t  s t udy ,  t h i s  c on s i d e r a t i on  invo lves  t h e  
d e t e rm ina t i on  of i )  t h e  sampling du r a t i on  r equ i r ed  f o r  measurement of  accu-
r a t e  mean f l u i d  v e l o c i t i e s ,  t u r bu l en t  i n t e n s i t i e s ,  and void  r a t i o s  a t  each 
test p o i n t ,  i i )  t he  number of t e s t  p o i n t s  and l o c a t i o n  of each.  
4 . 2 . 3 . 1  ~ v e r a g i n g  Pe r i od  
4 . 2 . 3 , I . l  Genera l  
Determina t ion  of mean v a r i a b l e s  i n  non s t a t f ona ry  random p roces se s  
r e q u i r e s  a n a l y s i s  of sample r eco rds  which a r e  a t  l e a s t  a s  long  a s  t h e  
fundamental  pe r iod .  The du r a t i on  of t h e  r eco rd  may be r e f e r r e d  t o  as 
i n t e g r a t i o n  o r  averag ing  t i m e  f o r  s i t u a t i o n s  i nvo lv ing  temporal v a r i a t i o n s .  
For ave rag ing  t i m e ,  Bradshaw (1971) recommends :Ta' 
f
min 
where r~ i s  t h e  accep tab l e  e r r o r  and f  
min t h e  lowes t  f requency f o r  which 
a c c u r a t e  r e s u l t s  are r equ i r ed .  I n  s i t u a t i o n s  where f  
min , i s  n o t  known, 
e s t a b l i s hmen t  of a s u i t a b i e  averag ing  t i m e  becomes a t r i a l  and e r r o r  p roces s .  
S c a t t e r  i n  t h e  cumulative averages of a l ong  record  g ives  a good indica-
t i o n  of t h e  accuracy,  A long record  ~ 5 t h  l o c a l  averages which may be 
cons idered  independent  can be ranked i n  ascendin€,  and descending o r d e r  t o  
g ene r a t e  an envelope f o r  t h e  p o s s i b l e  s c a t t e r  f rom t h e  cumulat ive averages of 
e a ch  ranking  (Johnson and Leone, 1964) .  
4.2.3.1,2 App l i ca t i on  
I n  view of  elh ha ye's (1969) 60 s e c s ,  and  Resch and Leu theusse r ' s  
(1972)  103 secs, an averag ing  p e r i od  of 100 s e c s  was employed throughout  t h e  
p re l imina ry  experiments .  A s  w i l l  be po i n t ed  ou t  i n  Sec t ion  4.4, t h i s  pe r iod  
d i d  n o t  y i e l d  s a t i s f a c t o r y  r e s u l t s ,  
To determine t h e  app rop r i a t e  averag ing  times f o r  t h e  f i n a l  exper i -  
ments,  a t h r e e  dimensional bubble plume was set up (Tes t  7:  Appendix 3 ) .  
~ea sukemen t s  made a t  s i x  p o i n t s  i n  the f low , f i e l d  (Fig.  4.3) f o r  up $0 10 
minutes  each were analyzed. Kobus (1968) used 5 mins and Bulson (1961) 6 
i n  their experiments. The fo l lowing  conc lus ions  were based on a n a l y s i s  of 
l i q u i d  v e l o c i t i e s  averaged over  5 s e c  i n t e r v a l s .  To g e t  t h e  average 
v e l o c i t i e s  w i t h i n  5%of t h e  t r u e  mean U (over  10 mins) ,  t h e  r equ i r ed  t m  
averag ing  times v a r i e d  from less than  a minute  a t  a p o i n t  on t h e  axis a t  20% 
of  the submergence above t h e  sou rce  (Po in t  1 on Fig.  4.3 and Fig .  4.4) up t o  
6 minutes  a t  20% below t h e  s u r f a c e  and about  2 i n ,  o f f  t h e  a x i s  (Poin t  6 on 
Fig.  4.3 and Fig.  4 .4) .  I n  t h i s  f i g u r e ,  t h e  mean e r r o r  e was de f ined  t o  be: 
m 
where U i s  t h e  average v e l o c i t y  f o r  t h e  averag ing  pe r iod  T f o r  t h e  i t h  i a 
s t a r t  and 120 i s  the t o t a l  number of i n t e r v a l s  i n  t h e  10  minute  record.  Based 
on t h e  r e s u l t s  p r e sen t ed  i n  F ig .  4 .4 ,  t h e  d e c i s i on  was made t o  u se  v a r i a b l e  

For l o c a t i o n  key 

Refer  t o  Fig.. 4 . 3  

10 20 30 40 50 60 70 80 90 100 

Averaging Time Ta ( i n  5 sec increments)  

F ig .  4.4 Effect of Averaging Time 
ave rag ing  t i m e s ,  which i nc r ea sed  from 100 s e c s  t o  300 s e c s  depending on t h e  
d i s c h a r g e  r a t e  as w e l l  as t h e  d i s t a n c e  from t h e  i n j e c t o r  (T i n  Table  4 .2) .  
a 
For t he  f i n a l  d i g i t i z a t i o n  r a t e  of  2000 s a ap l e s  p e r  s e c  ( s e e  S e c t i on  
4 ,2 ,4 .2 .2)  , t h i s  would have r e s u l t e d  i n  t he  p roces s ing  of  a  voluminous 
q u a n t i t y  of data. Thus t h e  p o s s i b i l i t y  of ana lyz ing  a p a r t i a l  r e co rd ,  wi thout  
j e opa r d i z i ng  t h e  accuracy i n  any s i g n i f i c a n t  manner, w a s  i n v e s t i g a t e d .  
Given a f u l l  r e co rd ,  a p a r t i a l  r e co rd  may b e  ob ta ined  i n  two g ene r a l  
ways: a f r a c t i o n a l  (FS) and an op t ima l  sampling (0s )  t echnique .  The term 
f r a c t i o n a l  is  used t o  r e f e r  t o  t h e  ca se  of one p a r t i a l  record  T t h a t  is  equa l
P 
t o  t h e  d e s i r e d  percen tage  of  t he  f u l l  r e co rd  T s t a r t i n g  anywhere i n  t h e  
a '  
r e co rd .  Optimal sampling is r e s ew e d  f o r  t h e  p r a c t i c e  o f  p i c k i ng  subrecords ,  
each  Ts l ong  and k of  which make up t h e  p a r t i a l  r e co rd  T , wi t h  gaps of T 
P g 
i n -
between t o  cover  t h e  f u l l  record .  Both techniques  a r e  i l l u s t r a t e d  i n  F ig .  4.5 
a long  w i t h  cont inuous sampling ( f u l l  r e co rd ) .  The r e s u l t i n g  r e l a t i o n s h i p s  can 
be fo rmu la t ed  as: 
and 
Each subrecord  must be l ong  enough t o  c on t a i n  t h e  c o r r e l a t e d  d a t a ;  
t h u s  the i n t e g r a l  t i m e  s c a l e  T which i s  a  measure of  t h e  t i m e  i n t e r v a l  overi9 
which t h e  d a t a  "remembers" i t s  p a s t ,  may be used as an estimate f o r  T . 
S 
Furthermore,  sampling i n t e r v a l s ,  o r  gaps,  g r e a t e r  t han  T a s s u r e s  independencei 

of  t h e  sub reco rds .  Based on such cons ide ra t i ons ,  Tennekes and Lumley (1972) 
recommend t h a t ,  i n  a r eco rd  of l e ng t h  T T / 2 ~ .  independent  samples  be taken .  
a 3  a I 
The subrecord l e ng t h  T w a s  deduced as 20 secs by computing t h e  
S 
i n t e g r a l  t i m e  s c a l e  f o r  t h e  average a u t o c o r r e l a t i o n  f unc t i on  f o r  t h e  6 r eco rds  
Table 4.2 Optimal  Sampling f o r  Various Percentages 
T 
Cases 
-k Ts(ms) Ta(ms) a 
% 
Only 20,000 ms was used i n  a c t u a l  analysis; t h e  remainder  was 
there t o  be used when f a u l t y  d a t a  b l o c k s  were encountered  
(Sec t i on  4.2.5.1) 
ata 
Data Signal Continuous and  Optimal  Sampling 
F r a c t i o n a l  Sampling 
Fig.  4.5 Continuous, Fractional and Optimal  Sampling (Tes t  = 11, 
Po i n t  = 30) 
a v a i l a b l e  (Fig.  4 , 6 ) .  Due t o  t h e  p e r i o d i c i t y ,  s een  i n  t h e  f i g u r e ,  T. could 
1 

n o t  be computed a s  u sua l l y  desc r ibed . (H inze ,  1975 ) .  Therefore ,  Ti, determined 
f o r  t he  cross--hatched domain i n  F ig .  4.6,  can be considered a rough e s t ima t e  
of only t h e  p o s i t i v e  c o r r e l a t i o n s  f o r  the random f l u c t u a t i o n s  i n  t h e  flow. 
E f f i c i e n cy  of t h e  two sampling techniques ,  FS and OS, were t e s t e d  
u s ing  the a v a i l a b l e  da t a .  The r e s u l t s  f o r  p o i n t  6 a r e  p re sen t ed  i n  F igs .  4 .7  
and 4.8. Under comparable cond i t i ons ,  OS w a s  c o n s i s t e n t l y  b e t t e r  than  FS i n  
' 
terms o f  e r r o r s  i n  computed averages ve r sus  t h e  t r u e  mean, e s p e c i a l l y  f o r  t h e  
p a r t i a l  r e co rd s  t h a t  were less than 40% of t h e  f u l l  record  (F igs .  4.7 and 4.8) .  
For  example, r e f e r r i n g  t o  Fig.  4.8A, f o r  T = 200 s e c s  (40 increments  on Fig.
a 
4 . 7 ) ,  a  p a r t i a l  r eco rd  of 40% i s  only 7.4% (=(8.7-8.1) /8.1) worse than  t h e  f u l l  
r eco rd  (100% of p a r t i a l  record  on F ig .  4.8A) when sampled by OS(T =20 s e c s )  as 
S 

compared t o  70.4% (=(13.8-8.1)/8.1) when sampled by FS. I n  OS e f f i c i e n c y  is 
b e t t e r  w i t h  sma l l e r  subrecords  (Fig,  4 .8) ,  and t h e  improvements due t o  
i n c r e a s e d  p a r t i a l  record  l eng th  were minimal once t h e  record  covers  40% o r  
more of t h e  f u l l  record  (P igs ,  4.7 and 4.81, whereas i n  FS t h e  same was t r u e  
only a f t e r  80%. 
m the f i n a l  experiments,  t h e  raw d a t a  was recorded f o r  the f u l l  
pe r iod ,  and then sampled according t o  OS dur ing  t h e  d i g i t i z a t i o n  process .  The 
p a r t i a l  r e co rd s  v a r i e d  from a s  l i t t l e  a s  47%, f o r  t h e  longer  r eco rds ,  t o  100% 
m
I 

f o r  t h e  s h o r t e r  r eco rds ,  and inc luded  a s  many as 7 subrecords  (9and k i n  
*a 
Table 4.2).  The s p e c i f i c  use  of OS i n  t h e  tests i s  i nd i c a t ed  i n  t h e  summary 
of t h e  exper imenta l  data (Appendix 4) . 
4.2.3.2 Measurement Loca t ions  
To determine t h e  optimum number and l o c a t i o n  of t he  t r a v e r s e  p o i n t s  
r e qu i r ed  f o r  r e p r e s en t a t i on  of t h e  c ros s - sec t iona l  p r o f i l e s  i n  the flow, t h e  
f low a r e a  must be d iv ided  i n t o  a number of equa l  subareas .  Assuming t h a t  t h e  
Point 1 

Period = 2lOsec 
Ti = lo R ( T ) ~ T= 17.5 secs 
u 

I 
10 	 . ZQ 30 go 
Time Lag r (in 5 sec increments) 
Fig. 4.6 Autocorrelation Functions for Test 7 
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Fig. 4.7  	 Comparison of FS a n d  0 s :  Effects of 
P a r t i a l  R e c o r d  Length and Averaging Time 
- (B) Sec t i on  B-B of Fig. 4.7 
\ Ta = 300 secst 

Fig. 4,E Comparisuii tsf FS and  US: 'Effects of P a r t i a l  
Record Length and Subrecord Length TS 
c e n t r o i d s  are r e p r e s e n t a t i v e  of t he  a r e a s  around them t h e  measurements must be 
made a t  t h e  c e n t r o i d  of  each  e lementa l  a r e a .  The accuracy depends upon t h e  
degree  o f  c r o s s - s e c t i ona l  nonun i f om i t y ,  and improves as the  number of 
measurement p o i n t s  i s  i n c r e a s ed .  For axisymmetr ic  c ros s - sec t ions  Brenchley 
e t  al. (1973) recommend t h a t  t h e  t r a v e r s e  p o i n t s  be  l o c a t e d  on a t  l e a s t  two 
d i ame te r s  and t h a t  i n c r e a s e s  i n  number of p o i n t s  be  accomplished by adding one 
p o i n t  t o  e a ch  r ad i u s .  They have a l s o  t a b u l a t e d  t h e i r  recommended measurement 
l o c a t i o n s  as a pe rcen tage  of t h e  coverage area d i ame te r  f o r  v a r i o u s  numbers of 
& 
p o i n t s  on  each  d iameter  . Considering t h e s e  recommendations a long  w i t h  t he  
e f f o r t  r e q u i r e d  i n  d a t a  hand l ing  and modifying t h e  technique  t o  t a k e  f u l l e r  
advantage  of the '  symmetry i n  t h e  flows, t h e  fo l l owing  s t agge red  d i s t r i b u t i o n s  
(F ig .  4.9) were adopted as gu i d e l i n e s  f o r  t h e  measurements. To f a c i l i t a t e  
t h e s e  g u i a e l i n e s  du r ing  measurements , t h e  c e n t e r l i n e  w a s  roughly l o c a t e d  
v i s u a l l y  and spot-checked wi th  t h e  anemometry. The f low w i d t h  w a s  then  
e s t ima t ed ,  based on expe r i ence  wi th  t h e  p r e l im ina ry  experiments .  
4 .2 .4  Data Proces s ing  (D i g i t a l  YS . Analog Ana lys i s )  
The need f o r  phase d i s c r im ina t i on  i n  ana lyz ing  t h e  d a t a  p r o h i b i t s  t h e  
u s e  of s imp l e  analog techniques :  i t  i s  e a s i e r  t o  develop a d i g i t a l  a n a l y s i s  
p rocedure .  D i g i t a l  p roces s ing  r equ i r e s  convers ion  of ana log  s i g n a l s  t o  d i g i t a l  
form p r i o r  t o  p roces s ing  on a d i g i t a l  computer. The conversion may b e  e i t h e r  
an on- the- l ine  o r  a de layed  process ,  i n  which c a s e  t h e  s i g n a l  would have t o  
be  r eco rded  and p layed  back  later. I n  t h i s  i n v e s t i g a t i o n ,  t h e  ho t - f i lm  ane-
mometry r e sponse  was recorded  on FM analog t a p e s  f o r  l a te r  conversion.  The 
r e s u l t i n g  d i g i t a l  d a t a  was s t o r e d  on d i g i t a l  magnet ic  t apes .  The 
unde r l y i ng  assumption h e r e  i s  t h a t  t h e  cont inuous s i g n a l  can be  un ique ly  . 
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Fig.  4 .9  Locat ion of  Cross-Sections a n d  Measurement P o i n t s  
dete rmined  from a knowledge of  i t s  sampled va lues  (Sampling Theorem: 
Freeman, 1965; Brigham, 1974) . 
4.2.4 .1  D i g i t i z a t i o n  Theory 
D i g i t i z a t i o n  i s  a process  of approximating a cont inuous s i g n a l  by a 
f i n i t e  number of po i n t s  and i nvo lves  two ' b a s i c  ope r a t i on s :  t iming and quan t i -
z a t i on .  Of t h e  two, t iming  r e qu i r e s  most c a r e f u l  c on s i d e r a t i on  f o r  a c cu r a t e  
r e s u l t s  . 
4.2.4 .1 .  H Quant iza t ion  
It w i l l  s u f f i c e  t o  s ay  t h a t  i n  any sample measurement t h e r e  i s  an 
i n h e r e n t  qu an t i z a t i on  e r r o r  o r  vo l t a g e  u n c e r t a i n i t y  due t o  f i n i t e  l e v e l s  of 
approximat ion of t he  s i g n a l  va lue .  For  an N-bit A/D (analog t o  d i g i t a l )  con-
v e r t e r ,  t h e  u n c e r t a i n i t y  i s  of f u l l  s c a l e  (Bradshaw, 1971) . Fo r t una t e l y ,  
i f  t h e  f u l l  range of t h e  conve r t e r  can be  u t i l i z e d ,  t h i s  e r r o r  i s  most l i k e l y  
t o  b e  much sma l l e r  than o t h e r  sources  of e r r o r .  This  s t udy  used a twelve  b i t  
c o n v e r t e r  and a f u l l  s c a l e  range of  5  v o l t s .  The q u a n t i z a t i o n  e r r o r  was 
5/4096 v o l t s  and obvious ly  has  n e g l i g i b l e  e f f e c t  on t h e  v e l o c i t i e s  measured. 
492 .4 .1 .2  Timing 
Po s s i b l e  measurement t iming problems r e q u i r e  c a r e f u l  cons i d e r a t i o n  
o f  two a s p e c t s :  l eakage  and a l i a s i n g ,  Truncat ion of t h e  d a t a  a t  o t h e r  than 
a mu l t i p l e  o f  t h e  fundamental  pe r iod  of t h e  d a t a  i t s e l f  c r e a t e s  a p e r i o d i c  
f unc t i on  w i t h  sharp  d i s c o n t i n u i t i e s .  This  i s  equ iva l en t  t o  i n t r o d u c t i o n  of 
a d d i t i o n a l  frequency components i n t o  t h e  d a t a  and is r e f e r r e d  t o  a s  l e akage  
(Brigham, 1974).  I f  t h e  d a t a  i s  t ransformed from t h e  t ime domain t o  t h e  f r e -  
quency domain, leakage shows up a s  a s e r i e s  of peaks,  termed as s i d e l obe s ,  
around the o r i g i n a l  impulse.  This s i d e l obe  leakage  i s  reduced by t a p e r i n g  
t h e  time s e r i e s  a t  each end i n  t h e  time domain and/or  by smoothing t h e  r e s u l t s  
i n  t h e  frequency domain (Bendat and P i e r s o l ,  1971).  A high r a t e  of sampling 
compared t o  t h e  h ighes t  frequency of i n t e r e s t  w i l l  e f f e c t i v e l y  remove these  
components from t h e  band width of i n t e r e s t .  
Al ias ing  r e s u l t s  from at tempted approximation of t h e  continuous s ig -  
n a l  w i t h  an i n s u f f i c i e n t  number of po i n t s :  too long a sampling i n t e r v a l .  
Poor r e so l u t i on  i n  t h e  time domain shows up a s  a d i s t o r t i o n ,  or,more appropri-
a t e l y ,  a s  overlapped impulses i n  t h e  frequency domain. To avoid t h i s ,  t h e  d a t a  
must b e  sampled a t  a r a t e  equal  t o  o r  h ighe r  than 2 f c ,  where f c ,  r e f e r r e d  t o  
as t h e  cu tof f  o r  Nyquist frequency, must be  s e t  equal  t o ,  a t  l e a s t ,  t h e  h i ghe s t  
frequency component, 
max3 p resen t  i n  t h e  continuous s i g n a l .  Bendat and 
P i e r s o l  (1971) recommend: 
f = 
c 
(1.5 t o  2 .0) f  
max 
On the  o t h e r  hand, sampling a t  a sma l l  i n t e r v a l  w i l l  avoid a l i a s i n g  bu t  
unnecessar i ly  i n c r e a s e  t h e  amount of data which must be  handled. I n  p r a c t i c e  
t h e  co s t  of d a t a  reduct ion  fo rces  a l i m i t  on the  amount of t h e  d a t a .  This i s  
achieved by s e t t i n g  f  equal  t o  t h e  f  of i n t e r e s t ,  and then f i l t e r i n g  com- 
c max 
ponents  w i t h  f requencies  h igher  than f c  be fo re  d i g i t i z a t i o n .  Such a procedure 
guarantees  r econs t ruc t ion  of t h e  continuous s i g n a l  w i th in  t h e  f i l t e r  band-width. 
4:.2 .4 .2  Power Spectrum 
4 , 2 , 4 , 2 , 1  General 
The frequency composition of t h e  d a t a  t o  be d i g i t i z e d  can be  deter-  
mined from a  power s p e c t r a l  dens i ty  func t ion  (PSDF) of t h e  time h i s t o r y  records.  
The PSDF can be es t imated  e i t h e r  by analog ana l y s i s  techniques o r  d i g i t a l l y .  
The analog involves the  use of a spectrum analyzer ,  which is a  narrow band-pass 
f i l t e r  w i th  a v a r i a b l e  cen te r  frequency , f , over a range of f requencies  : 
i n  which f = cen t e r  frequency;  t = t ime; T = t h e  averaging  pe r iod ,  and 
x ( t , f ,Be )  = po r t i on  of  x ( t )  passed by a narrow band-pass f i l t e r  w i t h  a band-
width  of Be cps. 
D i g i t a l l y  t h e  PSDF can b e  obta ined  by e i t h e r  t ak ing  t h e  Fou r i e r  Trans- 
form, FT, of t h e  au t oco r r e l a t i on  e s t ima t e s ,  o r ,  d i r e c t l y  from t h e  FT of t h e  d a t a  
h i s t o r y .  The d i r e c t  computation technique has  become compatible  i n  t e r n  of 
computation c o s t s ,  w i t h  t h e  f i r s t  only a f t e r  development of t h e  F a s t  Four i e r  
Transform (FFT) a lgor i thm.  This  has reduced t h e  r equ i red  number 0.f computations 
tremendously (N2 complex mu l t i p l i c a t i o n s  and N(N-1) complex add i t i on s  i n  FT 
ve r su s  ~ x p / 2  complex mu l t i p l i c a t i o n s  and Nxp complex add i t i on s  i n  FFT where N 
i s  t h e  *-umber o f  d i g i t a l  va lues  t o  b e  transformed and equa l  t o  N = 2': Brigham, 
1974 ) .  The procedure f o r  app l i c a t i on  of t h i s  technique i s  o u t l i n e d  i n  Appendix 3 .  
- .  - - - - -
-
4.2.4.2 72 ~ p p l i c a t i o n  
The frequency composition of t h e  flow in the  'bubble plume was 
s t u d i e d  by t h e  d i g i t a l  technique.  A f t e r  a p re l imina ry  check wi th  a spectrum 
analyzer-Panoramic Ultrasonic-Model SB-15a (which uses  t h e  analog technique  
described.in t h e  previous  s e c t i o n ) ,  a r ep r e s en t a t i v e  r eco rd  was sampled a t  a 
r a t e  of 8000 samples p e r  second. The l i q u i d  and a i r  phases were s epa r a t ed  on 
computer. Then smoothed PSDF's were .obtained f o r  each phase and mix tu re  from 
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r eco rds  o f  8192(2 ) da t a  p o i n t s  as ou t l i n ed  i n  Appendix 3 us ing  an FFT 
subrou t ine  (Brigham, 1974). The r e l evan t  parameters  a r e  t abu l a t ed  i n  Table-1 
of Appendix 3 ,  and t h e  r e s u l t i n g  s p e c t r a  a r e  shown i n  Fig. 4.10. A word of 
cau t ion  may be appropr i a t e  a t  t h i s  po i n t .  The s p e c t r a  do n o t  have t h e  same 
h igh  accuracy a t  t h e  lower f requencies  t h a t  they have a t  t h e  h i ghe r  f r e -  

quenc ie s ,  s i n c e  t h e  records  of  8192 samples ( -1  s e c  du ra t i on )  a r e  much less 
than  t h e  fundamental pe r iods  (- averag ing  ~ e r i o d )  involved.  
The fmax i s  seen  t o  be approximately 100 Hz f o r  t h e  l i q u i d  phase and 
500 Hz f o r  t he  gas  phase.  Thus a sampling r a t e  of 
£ = 2f = Z(1.5 t o  2.)  fmZ = 2000 samples p e r  sec 
S C 
was u sed  f o r  t h e  remaining d a t a  a n a l y s i s .  This  r a t e  compares r a t h e r  favorab ly  
w i t h  Delhaye ' s  (1969) 1000 and Resch e t  a l e ' s  (1972) 2500. The e f f e c t  of t h e  . 
sampling rate on d i s t i ngu i s h i ng  the  a i r  bubbles  was checked by p l o t t i n g  some 
bubble data at  va r ious  r a t e s .  A s  i s  apparen t  from Figs .  4 . 1U  and B ,  2000 
samples p e r  s e c  is  q u i t e  adequate.  
4.2.5 Data Reduction 
To determine t h e  d i s t r i b u t i o n s  of t h e  f l u i d  v e l o c i t i e s  and t h e i r  
f l u c t u a t i o n s ,  t he  l o c a l  vo id  r a t i o s ,  and t h e  bubble s i z e  and v e l o c i t i e s ,  t he  
recorded  d a t a  had t o  be  reduced on computer. These parameters  w i l l  be  
de f ined  be£ o r e  d i s cus s ing  t h e  daf a a n a l y s i s  programs. 
With r e spe c t  t o  t he  obse rva t ions  i n  Sec t ion  4.2.2,  t h e  bubble 
du r a t i on  T i s  def ined  t o  be F t o  B ( ~ i g ,4 .1 ) .  For t h e  co r r e c t i on s  F t o  HFb 
and HB t o  B ,  Delhaye (1969) had recommended 1 . 3  m s  and 2.0 ms, r e sp e c t i v e l y ,  
f o r  a c o n i c a l  probe, and -0.2 ms and -0.8 m s  f o r  a c y l i n d r i c a l  probe. I n  t h i s  
s t udy ,  t h e  r e l a t i o n s h i p  between the  bubble v e l o c i t y ,  Ub, and t h e  bubble 
diameter ,  Db, i s  taken t o  be: 
For t h e  vo i d  r a t i o ,  C: 


where N w a s  t h e  number of bubbles r e g i s t e r e d  a t  a t e s t  p o i n t  over  anb 

ave rag ing  pe r iod  of T seconds. The mean f l u i d  v e l o c i t y ,  U, was: 

a 
where N was t h e  sum of t h e  i n s t an t aneous  v e l o c i t i e s  remaining between t h e  
consecu t ive  bubbles.  The corresponding r e l a t i v e  t u r b u l e n t  i n t e n s i t i e s  were : 
The d a t a  a n a l y s i s  was achieved by t h r e e  programs, whgch were a l l  
w r i t t e n  i n  F o r t r a n  language and w i l l  be d i s cus sed  i n  o r d e r  o f  t h e i r  use.  
4 . 2 . 5 . 1  Program-1: D i g i t a l  Bubble Search  
This  program (Prog-I) c o n s i s t e d  of a main program and s e v e r a l  sub- 
r o u t i n e s .  These were devised  t o  c a r r y  ou t  a s e q u e n t i a l  s ea rch ,  i n  which t h e  
v o l t a g e  drops and jumps d e t e c t e d  were compared a g a i n s t  a t h r e s h o l d  va lue  t o  
d i s t i n g u i s h  and d e f i n e  t h e  bubbles p r e s e n t .  Then t h e  f l u i d  v e l o c i t i e s  and 
t h e i r  f l u c t u a t i o n s  were computed. 
Frog-I was i n i t i a l l y  prepared  t o  be run on t h e  IBM 360-75 a v a i l a b l e  
a t  t h e  Un ive r s i t y  of I l l i n o i s .  . I n  i t s  development, t h e  program f iow c h a r t s  
p r e sen t ed  by Resch and Leutheusser  (1972) have been q u i t e  b e n e f i c i a l .  The 
program would b r i n g  t o  memory t h e  d a t a  s t o r e d  on d i g i t a l  magnetic t a p a s  i n  
ba t ches  of 24000-words (12 seconds of d a t a )  . The sub rou t ine  CALIBR determined 
t h e  c a l i b r a t i o n  cons t an t s  t o  be  used i n  s u b r o u t i n e  DATA t o  turn t h e  raw d a t a  
i n t o  v o l t a g e s .  Then t h e  sub rou t ines  FINDHI and FINDLO would s e a r c h  f o r  t h e  
consecut ive  h ighs  and lows, comparing t h e  peak drops  w i t h  t h e  s p e c i f i e d  
t h r e s h o l d  va lue  (Sec t ion  4.2.5,1.P) . When t h e  comparison was nega t ive ,  sub-
r o u t i n e  mDVEL, which contained the  c a l i b r a t i o n  curves d i scussed  i n  Sec t ion  
4.5.3, would compute t h e  i n s t an t aneous  f l u i d  v e l o c i t i e s .  Within t h e  bubbles  
t h e  v e l o c i t i e s  were set t o  zero.  Whenever bubbles  were de t ec t ed ,  sub rou t ine  
BUBBLE would f i n d  the  bubble du ra t i on  and v e l o c i t y ,  compute t h e  bubble  s i z e ,  
and, f o r  la ter  process ing ,  save  t h e  in format ion  along with t h e  peak vo l t a g e  
drop,  and t h e  maximum of t h e  drop and r i s e .  A f t e r  completion of t h e  ba t ch  
s ea rch ,  t h e  mean f l u i d  v e l o c i t y ,  t h e  t u r bu l en t  i n t e n s i t y  and the  vo id  r a t i o  
would. b e  computed and aga in ,  t h e  r e s u l t s  saved, 
The procedure would be repea ted  on new ba tches  u n t i l  t he  f u l l  record  
was processed .  A t  t h i s  t ime,  t h e  saved informat ion  would be used t o  g e t  t he  
f i n a l  ave rages  f o r  t he  f l u i d  v e l o c i t y  and i t s  f l u c t u a t i o n s  and f o r  t h e  vo id  
r a t i o ,  as w e l l  a s  f o r  de te rmina t ion  of t h e  c h a r a c t e r i s t i c  bubble s i z e ,  
v e l o c i t y  and peak vo l t age  drop as w i l l  be  d i s cus sed  i n  Sec t ion  4.2,5.2.  For 
a 100 sec long  record ,  about  155 s e c s  of  computation time would be r equ i r ed .  
The main program had p rov i s ions  t o  handle  s e v e r a l  s p e c i a l  s i t u a t i o n s .  
The beginning  and/or  t h e  end of t h e  d a t a  ba t ch  may con ta in  h a l f  bubbles .  
Another ca se  t h a t  was n o t  uncommon was t h e  occur rence  of two ( o r  occas iona l ly  
more) consecu t ive  bubbles w i th  v a r i ou s  degrees  of over lapping  ( ~ i g s .  4 . 2 ~and 
E) .  When t h e  l o c a l  rise i n  t h e  s i g n a l  ( l i k e  LF t o  LH i n  F ig .  4 . 2 ~ )was 
g r e a t e r  t han  h a l f  t h e  t h r e sho ld  va lue ,  t h a t  po r t i on  of t h e  d a t a  was t r e a t e d  a s  
a s e p a r a t e  bubble.  Otherwise,  a s  i n  t h e  l a t t e r  po r t i on  of F ig .  4.2E, t h e  
f l u c t u a t i o n s  would no t  be  handled as d i s t i n c t  bubbles .  I n  cases  of over-
l app ing  bubbles ,  t he  t r a v e r s e  du r a t i on  f o r  each  bubble would extend between 
t h e  consecu t ive  h igh  po i n t s .  The f r o n t  and back co r r e c t i on s  would be i n t r o -  
duced on l y  t o  t h e  f r o n t  of t h e  f i r s t  bubble  and t o  t h e  back of t h e  l a s t  one. 
For t h e  bubble  v e l o c i t i e s  of t he  l a t e r  bubbles ,  t h e  i n s t an t aneous  v e l o c i t y  
fo l l owing  t h e  back co r r e c t i on  would be used (F igs .  4.2D and E ) .  Occas iona l ly  
t h e  program would find e i t h e r  a dropping o r  a r i s i n g  l imb,  s a t i s f y i n g  t h e  
t h r e s h o l d  requi rement  bu t  wi thout  t h e  complementary l imb w i t h i n  a r ea sonab le  
t ime span (F ig .  4 .2B )  . This  would be t r e a t e d  as a f l u i d  f l u c t u a t i o n .  The 
r ea sonab le  t i m e  span was s p e c i f i e d  a s  35 m s  f o r  single bubbles  and 50 ms f o r  
ove r l app ing  bubbles.  A f t e r  p l o t t i n g  t h e  peak v o l t a g e s  a g a i n s t  t h e i r  d u r a t i o n s  
( a s  i n  F ig .  5.1) f o r  s e v e r a l  s e t s  o f  bubble  r eco rds ,  t h e  du ra t i ons  of t h e  f u l l y  
i n t e r c e p t e d  bubbles  w e r e  considered i n  de te rmin ing  t h e  above limits. Thereby, 
t h e  p o s s i b i l i t y  of  i n c l u d i n g  decep t ive ly  l a r g e  bubbles  w i thou t  t h e  app rop r i a t e  
v o l t a g e  drops  was avoided.  
In view o f  the amount of data t o  b e  processed  v e r s u s  t h e  computation 
c o s t s  i nvo lved ,  t h e  program was modif ied f o r  l o ad i ng  on a SP'HRAS 65 mini-
computer, which had 16 K memory versus  170 K used on IBM. This was mailable 
w i t h i n  t h e  department  a t  no co s t .  
Because of reduced memory space ,  s e v e r a l  mod i f i c a t i on s  were r equ i r ed  
i n  t h e  program s t r u c t u r e .  The p a r t  of t h e  o r i g i n a l  program which s t o r e d  t h e  
bubble  in fomat iop i  arid detemined  the f i n a l  Siisble c h a r a c t e r i s t i c s  was separ -
a t e d  and r e s t r u c t u r e d  t o  be  Program-HI (Prog-11). Program I had a l l o c a t i o n s  t o  
s t o r e  bubble  i n f o rma t i on  f o r  up t o  25 bubbles .  Unless  t h e  1 5 t h  bubble  was p a r t  
of a se t  of  ove r l app ing  consecut ive  bubbles ,  t h e  BUBBLE s ub rou t i n e  would punch 
t h e  i n fo rma t ion  on t h e  f i r s t  10  bubbles  on paper  t a p e ,  and p rov ide  paper  out-
pu t  i f  d e s i r ed .  Th i s  a l lowed,  i f  neces sa ry ,  r e r e f e r e n c i n g  t o  any o f ,  a t  l e a s t ,  
t h e  l a s t  f i v e  bubbles .  The paper t ape  was i n t ended  f o r  u se  as i n p u t  t o  frog-11. 
A major  concern i n  modifying t h e  main program f o r  a sma l l  computer 
was t h e  e lmrna t ion  o f  t h e  24000-word l o c a t i o n s  used f o r  ba t ch  s t o r a g e .  A 
b lo ck  o f  d a t a  (780 values-each 2 by t e s )  was read  from t h e  t a p e  gene ra t ed  i n  t h e  
A/D r o u t i n e  and s t o r e d  i n  i t s  o r i g i n a l  form- i n  a temporary half-word i n t e g e r  
a r r a y ,  IDATA. To p r ov i d e  the work a r e a  needed an arrsy, E a nd / o r  U ,  of 780 
f l o a t i n g  p o i n t  c h a r a c t e r s  was s e t  and p a r t i t i o n e d  i n t o  t h r e e  suba r r ays ,  each 
w i t h  260 l o c a t i o n s o  I n i t i a l l y  t h e  raw d a t a  from IDATA would be p l aced  i n t o  
E a s  v o l t a g e s ,  and t h e  s e a r ch  s t a r t e d  i n  t h e  f i r s t  subar ray  (I) would cont inue  
u n t i l  t h e  t h i r d ,  w i th  sub rou t ine s  FINDHI, FINDLO and FNDWL f unc t i on i ng  a s  
e a r l i e r .  m e n  t h e  s e a r ch  l e d  i n t o  t h e  t h i r d  suba r r ay  (111) , ( sub rou t ine  
BUBBLE had  meantime been s t o r i n g  and punching ou t  t h e  bubble  i n fo rma t ion  as 
d e s c r i b ed  above) sub rou t ine  SUMS would b e  c a l l e d  t o  p e r f om  t h e  s um a t i o n s  f o r  
U, u '  and  C i n  t h e  f i r s t  suba r r ay .  Then t h e  v e l o c i t i e s  i n  t h e  second suba r r ay  ' 
(11) would b e  s h i f t e d  i n t o  I and, s im i l a r l y ,  t h e  vo l t a g e s  i n  I11 i n t o  11. Sub-
a r r a y  IEI would be  r e f i l l e d  w i th  raw d a t a  from IDATA, New d a t a  would b e  read  
from t h e  d i g i t a l  t ape  i n t o  IDATA when t h e  whole b lock  w a s  used up. The s ea r ch  
would r e s t a r t  i n  I1 from t h e  po i n t  a t  which i t  had s topped.  The r o t a t i o n s  
would b e  coo rd ina t ed  by a new sub rou t ine  ROTATE, which worked i n t e r a c t i v e l y  
- .  
wi t h  FINDHI and FINDLO a s  w e l l  a s  t he  main program. A t  5 second i n t e r v a l s  ( 5  
s e c s  o f  d a t a  l e n g t h ) ,  SWS would i n i t i a t e  s ub r ou t i n e  EiESULT t o  p r i n t  ou t  t h e  
localas  as the =esuitse 
Addi t i ona l  f e a t u r e s  of Prog-I t h a t  must b e  mentioned a r e  t h a t  i t  was 
modi f ied  t o  p rocess  t h e  d a t a  bo th  as a cont inuous r eco rd  and when Optimal ly  
Sampled (Sec t i on  4 .2 .3 .1 )  . Another f e a t u r e  was t h a t  t h e  d a t a  i n  IDATA would 
be scanned  when r e ad ,  and i f  any r ead ing  e r r o r s  (e .g .  due t o  du s t  p a r t i c l e s  on 
t h e  t a p e ,  t a p e  f laws ,  e t c )  were d e t e c t e d  t h a t  p a r t i c u l a r  b lock  would b e  d i s -  
carded.  Although such i n s t a n c e s  were very  r a r e ,  t h e  program would sum up t h e  
p r ev ious  r e s u l t s ,  p r i n t  them out  and r e i n i t i a l i z e  b e f o r e  s t a r t i n g  a t  t h e  f i r s t  
srz'oarray aga in .  
S eve r a l  programming r ou t i n e s  were prepared  t o  r e g u l a t e  v a r i ou s  a s p e c t s  
of t h e  d a t a  a n a l y s i s  p rocess .  One r o u t i n e  read  t h e  r a w  d a t a  from t h e  d i g i t a l  
t ape ,  and scans  i t  f o r  e r r o r s  be fo re  s t o r i n g  i n  IDATA. A few o t h e r s  involved  
t h e  e x t e r n a l  c o n t r o l  of t h e  p r i n t o u t  of  d i a g no s t i c  messages and i n t e rmed i a t e  
computat ions t o  trace t h e  p rog re s s  o f  t he  s e a r c h  technique*  Another r o u t i n e  
h a l t e d  t h e  p roces s  t empo r a r i l y ,  e i t h e r  f o r  a supply  of new pape r  t a p e  o r  t o  
i n t r o d u c e ,  e x t e r n a l l y ,  new i n fo rma t ion  concern ing  t h e  data r e co rd s  t o  b e  
ana lyzed .  
The o b j e c t  program was s t o r e d  on pape r  t ape  which could  b e  loaded  
th rough  a f a s t  pape r  t a p e  r e ade r .  Throughout t h e  a n a l y s i s  of t h e  p re l imina ry  
d a t a ,  t h e  program was modi f ied  as problems were encountered and t h e  d e s c r i p t i o n  
above r e l a t e s  t o  t h e  f i n a l  form of  t h e  program. 
P roces s ing  of a data record PO0 seconds long normally took  25 t o  40 
minu te s ,  depending on t h e  amount o f  i n t e rmed i a t e  r e s u l t s  p r i n t e d  on a t e l e t y p e  
(10 c h a r a c t e r s / s e c )  o r  Becwri tex (30 c h a r a c t e r s / s e c )  o r  t h e  amount of bubble  
i n f o rma t i on  punched on t h e  h i gh  speed paper  t a p e  punch. The d a t a  on one d i g i -
t a l  t a p e ,  which, depending on t h e  r e co rd  l e ng t h ,  may have con ta ined  t h e  r e co rd s  
f o r  HO t o  20 measurement p o i n t s ,  was processed  i n  5 t o  15 hour s .  The system 
r e q u i r e d  no a t t e n t i o n  once s e t  except  t o  supply  a new r o l l  of  paper  t a p e  every  
3 t o  6 hour s ,  depending on t h e  number of  bubbles  d e t e c t ed  i n  each r eco rd .  Tape 
punching speed,  low d a t a  s t o r a g e  d e n s i t y ,  and a need  t o  change t h e  supply  t a p e  
f r e q u e n t l y  i n d i c a t e d  t h e  d e s i r a b i l i t y  of  a second d i g i t a l ,  magnet ic ,  t a p e  d r i v e .  
However, none was a v a i l a b l e .  
4 ,2 .5 .1 . 1  F l u c t u a t i o n  Threshold 
D i g i t a l  i d e n t i f i c a t i o n  of bubbles  i n  a record  r e q u i r e s  s p e c i f i c a t i o n  
of t h e  c r i t i c a l  peak-vol tage drop exper ienced ,  o r  a t h r e sho l d  v a l u e ,  E . A 
C 

rough  e s t ima t e  can b e  made by v i s u a l  i n s p e c t i o n  of a d i s p l a y  of t h e  s i g n a l s  
r eco rded .  Due t o  t h e  s e n s i t i v i t y  of t h e  a i r  phase  c h a r a c t e r i s t i c s ,  such as 
t h e  vo id  r a t i o ,  Resch e t  al. (1974) had f e l t  t h e  need f o r  a more c o n s i s t e n t  
e s t ima t e .  I f  E i s  o f  t h e  o r d e r  of t h e  t u r b u l e n t  f l u c t u a t i o n s  i n  t h e  f low,  
C 
e s s e n t i a l l y  t h e  whole r eco rd  would b e  cons idered  t o  belong t o  t h e  gaseous 
phase  ( h i g h  v o i d  r a t i o ) ,  whereas i f  E i s  made l a r g e r  than t h e  l a r g e s t  peak- 
C 
v o l t a g e  drop  observed t h e  whole record  would c o n s i s t  of t h e  l i q u i d  phase (low 
vo id  r a t i o ) .  Noting t h i s ,  Resch e t  a l .  (1974) gene ra t ed  a s e t  of vo id  r a t i o  
versus t h r e s h o l d  l e v e l  curves ,  and picked t h e  p o i n t  of i n f l e c t i o n  of each  
curve  a s  a c r i t i c a l  t h r e sho ld  v a l u e ,  I n  two d i f f e r e n t  h y d r a u l i c  jumps, t hey  
found E t o  be 1 . 8  and 2.2  v o l t s ,  i n c r e a s i n g  w i th  t h e  f low Froude number. The 
C 
t u r b u l e n t  i n t e n s i t i e s  were found t o  be n e g l i g i b l y  a f f  e c t e d .  

Th i s  s t udy  provided a unique oppo r tun i t y  f o r  de te rmina t ion  of E . 

c 
For any g i v e n  t h r e s h o l d  l e v e l ,  t h e  d i s t r i b u t i o n s  of t h e  c r o s s - s e c t i o n a l  
v e l o c i t i e s  and vo id  r a t i o s ,  a long w i th  t h e  s l i p  v e l o c i t i e s  determined,  
a l lowed one  t o  compute t h e  l o c a l  a i r  d i s cha rge  rate (Eq. 3 . 5 9 ) ,  This  r a t e  w a s  
compared t o  t h e  i n j e c t i o n  r a t e .  R e p e t i t i o n  of t h e  procedure a t  s e v e r a l  
t h r e s h o l d  l e v e l s ,  u s u a l l y  two t o  f o u r  t r ia l s ,  enab l e s  one t o  determine E t o  
C 
an accuracy  of  9 . 0 2  v o l t s .  Experience w i t h  a hemispher ica l  probe i n d i c a t e d  
an almost  cons t an t  v a l u e  f o r  E (=1.28 v o l t s ) ,  independent  of f low f i e l d  e f f e c t s  
C 
( l o c a t i o n  and s t r e n g t h ) .  L a t e r ,  w i t h  a c o n i c a l  probe,  E was found t o  va ry  
C 

from 0 - 5 4  t o  2.10 v o l t s ,  most ly  l y i n g  between 0.75 t o  1.20 v o l t s .  The match 
between t h e  measured and computed d i s cha rge  (F ig .  4.12) most ly  occur red  above 
t h e  i n f l e c t i o n  p o i n t ,  This  i n d i c a t e s  t h a t  t h e  vo id  r a t i o s  measured by Resch 
e t  a l .  (1974) were c o n s i s t e n t l y  underest imated.  The v a r i a t i o n  i n  E was 
C 
expec ted  t o  b e  due t o  d i f f e r e n c e s  i n  t h e  i n t e r a c t i o n  p a t t e r n  of  t h e  probe w i th  
t h e  l i q u i d  f low and bubbles  a t  d i f f e r e n t  p o i n t s  i n  t h e  flow f i e l d ,  Th i s  
a s p e c t  w i l l  be  d i s cus sed  i n  Sec t i on  5.1. 
During t h e  use  of bo th  t h e  hemispher ica l  and c o n i c a l  p robes ,  t h e  
mean l i q u i d  v e l o c i t y ,  a s  w e l l  a s  t h e  t u r b u l e n t  i n t e n s i t y ,  was found t o  be 
independent  of E . 
C 
Threshold Value E (in v o l t s )  
c 
Fig. 4.12 F l u c t u a t i o n  Threshold vs t h e  Loca l  Air Discharge 
4.2.5 .2  Program-11: C h a r a c t e r i s t i c  Bubble Informat ion  
Depending on t h e  a i r  d i s cha rge  and l o c a t i o n  of t h e  measurement p o i n t  
i n  t h e  f l ow ,  up t o ,  and, occas iona l l y  s l i g h t l y  ove r ,  a thousand bubbles  of 
v a r i ou s  s i z e s  and v e l o c i t i e s  were sampled du r ing  an  averag ing  p e r i od ,  For 
q u a l i t a t i v e  as w e l l  as q u a n t i t a t i v e  c h a r a c t e r i z a t i o n  of t h e  f l ow  f i e l d ,  
r e p r e s e n t a t i o n  of t h e  group of s i z e s ,  v e l o c i t i e s  and peak drops by app rop r i a t e  
ave rages  and d i s t r i b u t i o n s  became necessary .  Therefore ,  t h i s  i d e a  w i l l  b e  
b r i e f l y  d i s cus sed  b e f o r e  g e t t i n g  i n t o  t h e  program. 
I n  p a r t i c l e  s i z e  r e p r e s en t a t i on s ,  t h e  d i s t r i b u t i o n s  were found t o  be  
normal ,  N ,  when symmetr ical ,  bu t  more o f t e n ,  log-normal, LN, due t o  a r i g h t -
ward skew; and t h e r e f o r e ,  a r i t hme t i c  means have been used a s  t h e  b e s t  
estimate of  t h e  c e n t r a l  tendency o r  t h e  most t y p i c a l  v a l u e  of  t h e  normal 
d i s t r i b u t i o n  whi le  t h e  geometr ic  mean was saved f o r  t h e  l o g  normal d i s t r i b u -  
t i o n  (A l l en ,  l 975 ) ,  Bubble s i z e  d i s t r i b u t i o n s  have been f i t t e d  w i t h  LM ra ther  
s u c c e s s f u l l y  by Leibson e t  a l .  (1956), Silberman (195?), and 'Leutheusser  st a l .  
(1973). 
When the E3 and LN d i s t r i b u t i o n s  were compared w i t h  s e v e r a l  s e t s  of 
bubble  s i z e  d a t a ,  even t h e  LN f i t  f a i l e d  t o  adequa te ly  r e p r e s en t  t h e  d a t a  
around t h e  peak (Fig.  4.13). Thus i n i t i a t e d ,  a l ea s t - squa re  f i t  v e r s i o n  of 
t h e  LN, t o  be  r e f e r r e d  a s  LSFLN, was programmed t o  p i c k  t h e  mean and t h e  
s t a n d a r d  d e v i a t i o n  which would reproduce t h e  exper imenta l  d i s t r i b u t i o n  as 
c l o s e l y  as po s s i b l e ,  The i d e a  of f i t t i n g  l e a s t - squa red  d i s t r i b u t i o n s  w a s  
a p p l i e d  by Brakensiek (1958) t o  f i t  a wide range of p o s i t i v e l y  skewed 
hyd ro l og i c  d a t a .  
A gene r a l  l e a s t - squa re  f i t t i n g  procedure,  r e f e r r e d  t o  as an i n f l u -
ence c o e f f i c i e n t  a lgor i thm (Becker and Yeh, 1972) ,  was adopted t o  be used f o r  
t h e  LSFlWN as w e l l  a s  f o r  f i t t i n g  t h e  c ro s s - s ec t i ona l  p r o f i l e s  la ter .  The 

procedure  starts wi th  e s t ima ted  va lues  of t h e  parameters  and a t t empt s  t o  
minimize t h e  o v e r a l l  mean-square e r r o r  between t h e  computed and observed va lues .  
Then t h e  parameter  estimates a r e  updated i n  t h e  d i r e c t i o n  of t h e  g r a d i e n t  of 
t h e  e r r o r s  by an amount p r opo r t i ona l  t o  t h e  e r r o r s ,  produced by incrementa l  
changes i n  t h e  parameters .  The process  i s  repea ted  u n t i l  t h e  r e l a t i v e  
improvement between succes s ive  i t e r a t i o n s  i s  reduced t o  below 3%. Usual ly  
t h i s  i s  achieved  i n  3 t o  5 i t e r a t i o n s .  
For t he  LSFLN, t h e  geometr ic  mean and i t s  s t anda rd  d ev i a t i on  were 
picked as t h e  parameters  and t h e  measured bubble  s i z e ,  v e l o c i t y  and peak 
vo l t a g e  drops  provided t h e  observed va lues .  The procedure was i nco rpo ra t ed  
i n t o  Prog-11, which read  t h e  bubble  in format ion  and f o r  each s e t ,  computed t h e  
mean and the  s t anda rd  d ev i a t i on  f o r  each of t h e  N ,  LN and LSKN d i s t r i b u t i o n s .  
The r e s u l t s  f o r  LN were used a s  i n p u t s  f o r  t h e  LSFLN. The goodness o f  f i t  of 
each d i s t r i b u t i o n  was a s se s sed  by a comparison of t h e  s t anda rd  d ev i a t i on s ,  
For bubb le  s i z e  d i s  t r i b u t i o n s  , t h e  LSFLN cons i s  t e n t l y  produced t h e  lowest  
s t a nda rd  d ev i a t i on s ,  whereas f o r  bubble v e l o c i t y ,  N d i s t r i b u t i o n s  provided  
t h e  b e t t e r  f i t .  This  d i f f e r e n c e  may be  due t o  t h e  weak dependence of  t h e  
bubble v e l o c i t i e s  on s i z e  f o r  bubbles between 1 and 6 mm (Haberman and Morton, 
1954; Baker and Chao, 1963) .  For t h e  peak vo l t a g e  drops,  aga in  N d i s t r i b u t i o n s  
proved t o  be  b e t t e r  f i t s .  These f i nd i ng s  have been app l i ed  where l o c a l  
c h a r a c t e r i s  t i c s  of bubbles  were needed. 
4 -2.5.3 Program-111: X-Sectional P r o f i l e s  
Once t h e  d a t a  f o r  each measurement p o i n t  was reduced by Prog I and 
11, t h e  c r o s s - s e c t i ona l  v e l o c i t y  and void  r a t i o  p r o f i l e s  had t o  be  f i t t e d  t o  
e x t r a c t  such  informat ion  as t h e  l o c a l  flow width and c e n t e r l i n e  va lues .  For 
t h e  v e l o c i t y  p r o f i l e s ,  t h e  l o c a t i o n  of t h e  c e n t e r l i n e ,  t h e  v e l o c i t y  a t  t h e  
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procedure  starts wi th  e s t ima ted  va lues  of t h e  parameters  and a t t empt s  t o  
minimize t h e  o v e r a l l  mean-square e r r o r  between t h e  computed and observed va lues ,  
Then t h e  parameter  e s t ima t e s  a r e  updated i n  t he  d i r e c t i o n  of t h e  g r ad i en t  of 
t h e  e r r o r s  by an amount p r opo r t i ona l  t o  t h e  e r r o r s ,  produced by incrementa l  
changes i n  t h e  parameters .  The process  i s  r epea t ed  u n t i l  t h e  r e l a t i v e  
improvement between succes s ive  i t e r a t i o n s  i s  reduced t o  below 3%. Usual ly  
t h i s  i s  achieved i n  3 t o  5 i t e r a t i o n s ,  
For t he  LSFLN, t h e  geometr ic  mean and i t s  s t anda rd  d e v i a t i o n  were 
picked as t h e  parameters  and the  measured bubble s i z e ,  v e l o c i t y  and peak 
vo l t a g e  drops provided t h e  observed va lues .  The procedure w a s  i nco rpo ra t ed  
i n t o  Prog-11, which read  the  bubble  in format ion  and f o r  each s e t ,  computed t h e  
mean and the  s t anda rd  d ev i a t i on  f o r  each of t h e  N ,  LN and LSFLN d i s t r i b u t i o n s .  
The r e s u l t s  f o r  LN were used a s  i npu t s  f o r  t h e  LSFLN. The goodness of f i t  of 
each  d i s t r i b u t i o n  was a s se s sed  by a comparison of t h e  s t anda rd  d ev i a t i on s ,  
For  bubble  s i z e  d i s t r i b u t i o n s  , t he  LSFLN c on s i s t e n t l y  produced t h e  lowest  
s t a nda rd  d ev i a t i on s ,  whereas f o r  bubble v e l o c i t y ,  N d i s t r i b u t i o n s  provided 
t h e  b e t t e r  f i t .  This d i f f e r e n c e  may be  due t o  t h e  weak dependence of t h e  
bubble v e l o c i t i e s  on s i z e  f o r  bubbles between 1 and 6 mm (Haberman and Morton, 
1954 ;  Baker and Chao, 1963).  For t h e  peak vo l t a g e  drops ,  aga in  N d i s t r i b u t i o n s  
proved t o  be  b e t t e r  f i t s .  These f i nd i ng s  have been app l i ed  where l o c a l  
c h a r a c t e r i s  t i c s  of bubbles  were needed. 
4.2 ,5 .3  Program-111: X-Sectional P r o f i l e s  
Once t h e  d a t a  f o r  each measurement p o i n t  was reduced by Prog I and 
11, t h e  c r o s s - s e c t i ona l  v e l o c i t y  and void  r a t i o  p r o f i l e s  had t o  be  f i t t e d  t o  
e x t r a c t  such informat ion  a s  t h e  l o c a l  flow width and c e n t e r l i n e  va lues .  For 
t h e  v e l o c i t y  p r o f i l e s ,  t h e  l o c a t i o n  of t h e  c e n t e r l i n e ,  t h e  v e l o c i t y  a t  t h e  
c e n t e r  and t h e  flow wid th  were cons idered  as unknowns f o r  t h e  l e a s t - s qua r e  
f i t t i n g  (LSF) p roces s .  The measurement p o i n t s  were s p e c i f i e d  w i t h  r e sp e c t  t o  
a r e f e r e n c e  coo rd ina t e  system. The coo rd ina t e s  of t h e  c e n t e r  of  a second 
coo rd i n a t e  system l o c a t ed  a t  t h e  a x i s  of  t h e  p r o f i l e  c o n s t i t u t e d  the parameters  
f o r  t h e  f i r s t  s t a g e  of a two s t a g e  LSF technique ,  Once t h e  axis l o c a t i o n  was 
e s t ima t ed ,  de te rmina t ion  of t h e  axial  v a l u e  and t h e  width reduced t o  a f i r s t  
degree  LSF r o u t i n e  s i n c e :  
where y could be  e i t h e r  U o r  C and y t h e  maximtam va lue  of y ,  and B could be 
m 
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e i t h e r  l / b  o r  -whr-le x w a s  r2 ( i n  2 o r  3 dimensions).  When t h e  
( ~ b )  
l oga r i t hms  of bo th  s i d e s  are taken:  
Thus, t h e  ESF r e l a t i o n s h i p s  reduce t o :  
where N i s  t h e  number of exper imenta l  obse rva t ions .  This  po r t i on  i s  considered 
t o  be  t h e  s e cond ' s t a g e  of  t h e  program, I n  t h e  f i r s t  s t a g e ,  t h e  c e n t e r l i n e  
l o c a t i o n  was determined by t h e  i n f l u ence  c o e f f i c i e n t  a lgo r i t hm (Becker and Yeh, 
1972) desc r ibed  earl ier  i n  S e c t i on  4 .2 .5 .2 .  The void  r a t i o  d i s t r i b u t i o n  was 
assumed t o  be cen t e r ed  a t  t h e  same a x i s  a s  t h e  v e l o c i t y ,  and thus ,  t h e  
de t e rmina t ion  of t h e  width and axial value reduced t o  a problem f c r  t h e  second 
s t a g e  o f  t h e  program. 
The l o c a l  a i r  d i scha rge  r a t e s  computed us ing  t h e  ob ta ined  p r o f i l e s  
f a i l e d  t o  s a t i s f y  t h e  a i r  mass c o n t i n u i t y ,  and t h e  peaks of t h e  p r o f i l e s  were 
found t o  be  lower than  t h e i r  measured c o u n t e r p a r t s .  Therefore ,  t h e  second 
s t a g e  was modi f ied  by f o r c i n g  t h e  c e n t e r l i n e  va lues  t o  vary over  a p re sc r ibed  
range de te rmined  from t h e  exper imenta l  d a t a ,  The c e n t e r l i n e  va lue  was picked 
as t h e  one which minimized t h e  mean-square e r r o r  between t h e  f i t t e d  and 
expe r imen ta l  va lues .  For  t h i s  ca se ,  Eq. 4 ,15 ,  s i m p l i f i e s  t o :  
This  v e r s i o n  of t h e  program produced s a t i s f a c t o r y  r e s u l t s ,  
4 .3  	 Exper imenta l  Procedure 
The procedure t o  be  o u t l i n e d  below w a s  fol lowed throughout bo th  t h e  
f i n a l  and p r e l i m i n a r y  experiments .  
i )  To e n s u r e  un i formi ty  of background temperatures  i n  t h e  r e s e r v o i r ,  t h e  
water  was mixed f o r  over  an hour p r i o r  t o  t h e  s tar t  of t h e  experiments .  The 
mixing, i n  t h e  f i n a l  set-up,  was achieved by t h e  f i l t e r i n g  and d e a e r a t i n g  
p u ~ p s(Fig.  4 . 1 4 ) .  The pumps were tu rned  o f f  and the  air injection was 
s t a r t e d  t o  d e l i v e r  t h e  d e s i r e d  a i r  d i scharge .  About h a l f  an hour  was allowed 
f o r  f low e s t a b l i s h m e n t  b e f o r e  s t a r t i n g  t h e  measurements. During t h i s  pe r iod ,  
t h e  t empera tu re s  of t h e  r e s e r v o i r  water  and t h e  a i r  i n j e c t e d  were measured and 
recorded a l o n g  wi th  t h e  i n j e c t i o n  box p r e s s u r e  and a i r  d i s cha rge  r a t e .  
Another pre-measurement p r e p a r a t i o n  involved record ing  of t h e  c a l i b r a t i o n  i n -  
pu t s  on t h e  FM analog tape .  These i n p u t s ,  a s  w e l l  as t h e  anemometer response 
-	 were recorded  on s i x  channels  s imul taneous ly ,  each set f o r  a d i f f e r e n t  v o l t a g e  
range. 

i i )  The anemometer s e n so r  w a s  p laced  i n  t h e  bubble  s c r e en  and t h e  p rope r  
r e s i s t a n c e s  w e r e  set ,  The s en so r  w a s  then  moved t o  t h e  d e s i r e d  c ro s s - s ec t i on  
measurement p o i n t .  The measurement and r eco rd ing  p roces se s  were cont inued 
u n t i l  t h e  d e s i r e d  t r a v e r s e s  were completed. One of t h e  recorded  s i g n a l s  was 
monitored on an  o s c i l l o s cope  t o  d e t e c t  f a u l t y  d a t a  and /or  any o p e r a t i o n a l  
problem. 
i i i )  Be fo re  moving t o  a new c ros s - s ec t i on ,  t h e  tempera tures ,  p r e s s u r e s ,  and 
d i s cha rge  rates were checked and recorded.  Ove r a l l  averages  were used f o r  t h e  
d a t a  a n a l y s i s .  
i v )  The e n t i r e  p r ep a r a t i on s  and measurements l a s t e d  about  7-8 hours .  
v) Before  d i g i t i z i n g ,  samples of t h e  s i x  r e co r d s  were p layed  back and 
monitored on an  o s c i l l o s cope  and on paper  t r a c e r ,  and t h e  channel  which 
u t i l i z e d  t h e  f u l l  a v a i l a b l e  range was d i g i t i z e d .  The d i g i t i z e d  d a t a  was 
s t o r e d  on d i g i t a l  t a p e s  f o r  a n a l y s i s  i n  t h e  f u t u r e .  
4 - 4  P r e l im ina r y  Experiments and t h e i r  Imp l i c a t i on s  
A set of exper iments ,  aimed a t  unders tanding  t h e  g ene r a l  behavior  of 
a i r -bubble  plumes and a t  development of an adequate  exper imenta l  t echnique  f o r  
t h e  f i n a l  exper iments ,  were conducted i n  a s m a l l  r e s e r v o i r  u s ing  a set  of 
po in t - source  i n j e c t o r s .  The d a t a  was processed  and t h e  r e s u l t s  were used t o  
test and c a l i b r a t e  t h e  d a t a  a n a l y s i s  programs (Sec t ion  4 .2 . 5 ) .  The a n a l y s i s  
r evea l ed  some g ene r a l  t r e nd s  i n  t h e  plume behavior :  
a )  The induced  l i q u i d  v e l o c i t i e s ,  vo id  r a t i o s  and t u r b u l e n t  i n t e n s i t i e s  
decreased  s l i g h t l y  a long  t h e  t r a j e c t o r y .  
b) A t  any h o r i z o n t a l  c ro s s - s ec t i on  t h e  d i s t r i b u t i o n s  of  t h e  f i r s t  two para-  
mete rs  were e s s e n t i a l l y  Gaussian.  
c) The above parameters  a s  we l l  a s  t h e  bubble s i z e s  inc reased  w i t h  t h e  r a t e  of 
a i r  i n j e c t i o n .  
d) Beyond a l im i t e d  i n i t i a l  reg ion  t h e  flow behav io r  was found t o  be inde- 
pendent  of  i n j e c t o r  type  f o r  a given submergence and d i scha rge  r a t e  (Table 4 . 3 ) .  
Thus, f o r  t h e  f i n a l  experiments ,  sandstone (Sec t ion  4 . 6 . 2 ) ,  which r e s u l t s  i n  
f i n e r  and more uniform bubble product ion ,  was used  as t h e  i n j e c t o r  and only a i r  
d i s cha rge  r a t e s  were v a r i ed .  
Although t h e  observed trends were d e f i n i t i v e  enough t o  make q u a l i t a -  
t i v e  i n t e r p r e t a t i o n s ,  t h e  spread  of t h e  d a t a  was exce s s i v e  f o r  a c cu r a t e  
q u a n t i t a t i v e  de terminat ions .  I n  l i g h t  of t h e  obse rva t ions  made dur ing  the 
experiments  t h i s  was a t t r i b u t e d  t o :  asymmetry w i t h  r e s p e c t  t o  i n j e c t o r  
l o c a t i o n ;  excess ive  boundary e f f e c t s ,  such as  s t r o ng  induced c i r c u l a t i o n s  i n  
t h e  b a s i n  and r e f l e c t e d  s u r f a c e  d i s tu rbances  due t o  l im i t e d  dimensions of t h e  
bas in ;  inadequate  averaging  t imes;  and i n s u f f i c i e n t  d a t a  p o i n t s  t o  c l e a r l y  
d e f i n e  c r o s s - s e c t i ona l  p r o f i l e s  and e s t a b l i s h  l o c a t i o n  of maximum. Implica-
t i o n s  o f  t h e s e  obse rva t ions  have been c a r e f u l l y  cons ide red ,  and inco rpora t ed  
i n t o  t h e  design,  of t h e  f i n a l  experimental  set-up and measurement procedures.  
4,5  Experimental  Apparatus 
4 . 5 , l  Xese rvo i r s  a - d  Accessor ies  
The p re l imina ry  t e s t s  were conducted i n  a 4 x 8 x 4 f t deep plywood 
t ank ,  which was f i t t e d  w i t h  overf low we i r s  around i t s  pe r ime te r  and wi th  2 x 3 
f t  p l e x i g l a s s  viewing panels  s e t  i n t o  t h e - s i d ewa l l s .  For  t h e  f i n a l  experiments 
a  30 x 15  x 4 f t  deep v iny l - l i ned  commercial poo l  was assembled (Fig. 4.14). 
The p oo l  was equipped w i t h  a f i l t e r  and a deae r a t i ng  system t o  minimize con-
t amina t ion  problems dur ing  measurements wi th  t h e  anemornetry system. To reduce 
flow o s c i l l a t i o n s  and su r f a c e  d i s tu rbances  (mentioned i n  Sec t i on  4.4) wave 
abso rbe r s  were hung along t h e  longer ,  s i d e s .  
Table 4.3 Effect of I n j e c t o r  Size. on Bubble Plume Behavior 
(3-Dimensional 
H = 3,54 ft) 
Plume : -Qa 0,00225 cfs STP and 
T e s t s  
Each r e s e r v o i r  was spanned w i t h  two independent  c a r r i a g e s ,  one f o r  
p e r s onne l  and equipment and t h e  o t h e r  f o r  i n s t r umen t a t i on ,  The c a r r i a g e s  were 
a l l  mounted on f l o o r  rails,  Each i n s t rumen t  c a r r i a g e  was c a r e f u l l y  l e v e l e d  
w i t h  r e s p e c t  t o  t h e  s t a gnan t  poo l  s u r f a c e ,  and f i t t e d  w i t h  a p robe  s uppo r t ,  
Th i s  w a s  movable a long  t h e  pool  as w e l l  as a c r o s s  i t  t o  t r a v e r s e  t h e  plume 
c r o s s - s e c t i on  i n  two d i r e c t i o n s .  The probe could  be  manually l o c a t e d  a t  any 
e l e v a t i o n  wi th  a p o i n t  gage. 
4 .5 ,2  A i r  Supply and I n j e c t o r s  
The a i r  f o r  t h e  bubble  s c r e en  was ob t a ined  from t h e  l a b o r a t o r y ' s  a i r  
supp ly  system. The neces sa ry  a i r  f low was d i v e r t e d  from one of t h e  l a b o r a t o r y  
o u t l e t s  and i t s  p r e s s u r e  moni tored by a f low r e g u l a t o r .  The a i r  t empera ture  
w a s  determined by a thermocouple embedded i n  t h e  f low l i n e ,  wh i l e  t h e  d i s ch a r g e  
was measured by a t r i - f l a t  va r i ab l e - a r ea  flowmeter ( F i s h e r  and P o r t e r :  2-F1/4-
20-5/36). The flowmeter was c a l i b r a t e d  i n  s i t u  f o r  ranges  0-0.006 c f s  STP and 
0-0.023 c f s  STP u s i ng  a w e t  t e s t  gas  meter. The a i r  w a s  p iped  through 1/4" OD 
r i g i d  copper  t ubes  t o  t h e  i n j e c t o r s .  
The p re l im ina ry  exper iments  employed f o u r  d i f f e r e n t  a i r  i n j e c t o r s  as 
shown i n  Fig .  4.15. These were (1) Four 1 /8- in .  d iameter  openings on a l / 2 - i n .  
s qua r e  g r i d ,  (2)  S ix t een  1/16-in .  d iameter  openings on a 1/4- in .  square g r i d ,  
(3) Six ty- four  1/32-in.  d iameter  openings on a l / 8 - i n .  squa re  g r i d ,  and (4) an 
a i r s t o n e  commonly s o l d  t o  a e r a t e  home aqua r i a .  These were a t t a c h e d  d i r e c t l y  t o  
t h e  copper  supply  t ubes .  For t h e  f i n a l  p o i n t  sou rce  exper iments ,  on ly  t h e  
s and s t one  was used,  bu t  a r e s e r v o i r  was i n t roduced  between t h e  sands tone  and 
t h e  supply  l i n e  t o  damp f l u c t u a t i o n s  i n  t h e  i n j e c t i o n  d i s ch a r g e  (F ig .  4.16A) . 
To s imu l a t e  a l i n e  sou rce ,  a s p e c i a l  r e s e r v o i r  was con s t r u c t ed  w i t h  
1/32-in.  d iameter  p o r t s  spaced 1/8- in .  c e n t e r  t o  c e n t e r  (F ig .  4.16B). Some o f  
I , I 
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64 .x 1/32' '  D o n  1/8"  g r i d  
Fig. 4.15 A i r  I n j e c t o r s  Used i n  t h e  P r e l i m i n a r y  Expeq imen t s  
P r e s s u r e  Moni tor ing  
f 
Sand  
\ F i l l e d  w i t hb- 92"' P e a  Grave l  
1/8" P l a t e  with 
1 4  x 4 1/4"  Holes  
A) P s i n t  Source 
I 
1/32'' D Holes  every  1/8" 
I r on  Bars 
t- I 18" 4 
Cont ro l  Valve
-/'A Air Supply  
B) L i n e  Source 
Fig .  4.16 I n j e c t o r s  f o r  Po in t  and Line Source Experiments 
t h e  p o r t s  were p a r t i a l l y  plugged wi th  p l a s t i c i n e  model l ing c l ay  t o  g e t  a s  
uniform a d i s cha rge  as po s s i b l e ,  
The box p r e s su r e s  were recorded i n  each ca se  f o r  t h e  f i n a l  exper i -  
ments, 
No a t tempt  was made t o  c o n t r o l  t h e  s i z e  of t h e  bubbles genera ted ,  
excep t  th rough t h e  c o n t r o l  of t h e  i n j e c t o r  openings. and a i r  d i scharge .  
4 ,5 . 3  Ca l i b r a t i o n  System f o r  Probes 
C a l i b r a t i o n  of t h e  s enso r s  was s t a r t e d  i n  a  r o t a t i n g  tank,  bu t  i t  
was soon abandoned because t h e  wake of t h e  probe suppor t  was d i s t u r b i n g  t h e  
f low s u r f a c e  a t  t h e  h ighe r  v e l o c i t i e s  (>
-
2 .5  f p s ) .  Yoon (1970) used a 
p r e s s u r i z e d  f r e e  jet t o  c a l i b r a t e  some c y l i n d r i c a l  probes over  a  v e l o c i t y  
range of 0 . 2  t o  4.0 f p s .  A similar set-up,  on ly  w i th  a l a r g e r  nozz l e  (1/2" 
d iameter  compared t o  Yoon's 3 / 8 " ) ,  was cons t ruc t ed  and t e s t e d .  This  set-up 
(Fig.  4.17) w a s  supp l i ed  from t h e  bu i ld ings  hot-cold water  supply  system. A 
p r e c i s i o n  mixing v a l v e  (ITT Lawler PX-9700) i n  t h e  c i r c u i t  allowed f o r  c o n t r o l  
0
of t h e  wa t e r  temperature  t o  10 .5  F of t h e  s e t t i n g  r ega rd l e s s  of t h e  p r e s su r e  
f l u c t u a t i o n s  i n  t h e  supply l i n e s .  
I n  t h e  p re s su r i zed  tank,  gases  were coming ou t  of s o l u t i o n  and 
a t t ach ing  themselves t o  t h e  wa i l s  r e s u l t i n g  i n  c a l i b r a t i o n  d r i f t  a t  lower 
v e l o c i t i e s  (<- 1 fp s ) .  A d e a e r a t i on  scheme, which involves  c r e a t i o n  of a r eg ion  
of low p r e s s u r e  (Maxwell and Holley,  1969) ,  so lved  t h e  problem s a t i s f a c t o r i l y .  
Each s e n s o r  w a s  c a l i b r a t e d  over  a v e l o c i t y  range of 0-4 f p s  a t  two d i f f e r e n t  
water  t empera tures  (Fig.  4.18A). The two c a l i b r a t i o n s  were used t o  f i n d  an 
average v a l u e  f o r  t h e  s enso r  temperature ,  ts. The two curves then  co l l apsed  
2 
t o  a s i n g l e  curve of E / ( t  -t ) vs .  V. This  r e l a t i o n s h i p  w a s  l e a s t - squa re
s f 
f i t t e d  w i t h  polynomials of va r ious  degrees  up t o  6 th  over  the f u l l  range. If 

Fig. 4.18  Calibration Curves for Velocity Measurements 
one polynomial  d i d  n o t  approximate t h e  f u l l  range,  t h e  approximation p roces s  
was r epea t ed  over  p a r t i a l  r eg ions ,  r e q u i r i n g  a smooth t r a n s i t i o n  between t h e  
r e g i o n s  (Fig.  4.18B). The b e s t  f i t  polynomial o r  polynomials were p u t  i n t o  t h e  
d a t a  a n a l y s i s  program, and thus t h e  i n s t an t aneous  f l u i d  v e l o c i t i e s  were 
ob t a i n ed  d i g i t a l l y  on t h e  computer, 
The c a l i b r a t i o n s  were checked be fo re  and a f t e r  each s e t  of tests, and 
were found t o  -have changed. Changes were a t t r i b u t e d  t o  v a r i a t i o n  of  t h e  s enso r  
r e s i s t a n c e  due t o  accumulation of d i r t  on t h e  s enso r  w i th  use .  Thus new senso r  
t empera tu re s  were computed t o  f i t  t h e  new measurements t o  t h e  i n i t i a l  c a l i b r a -  
t i o n  curves .  Over a 510 minute ope r a t i on  p e r i od  . ( through T e s t s  11, 12  and 13: 
Appendix 4 1 ,  t f o r  TSI 1230W dropped from 60.28 OC t o  58.38 0C. Thi s  was 
S 
accounted  f o r  i n  d a t a  r educ t ion  by va ry ing  t i n  p ropor t i on  t o  t h e  accumulat ive 
S 
u s e  t h e  probe had experienced s i n c e  t h e  p r e - t e s t  c a l i b r a t i o n  check f o r  each  
. . - .  - -
- - -- -
c r o s s - s e c t i ona l  d a t a  set. 
4.5.4 Anemometer and Data Acqu i s i t i on  Equipment 
The c i r c u i t r y  f o r  t h e  ho t - f i lm anemometry and t h e  d a t a  a c q u i s i t i o n  
sys tem is  p re sen t ed  i n  F ig .  4.19 and t h e  equipment used is l i s t e d  below: 
1 )  TSI 1054B Constant  Temperature L inea r i zed  Anemometer 
2) TSI 1056 Var i ab l e  Decade Module 
3) TSI 1057 S igna l  Condi t ioner  
4) TSI 1051-6 Monitor and Power Supply Module 
5) a. TSI 1239W Ruggedized Hemisphere Probe 
b .  TSI 1230W Conical  Probe 
6 )  Tek t ron ix  Type 564 S torage  Osc i l l o scope  
7) SANGAMO 3500 (SABRE-111) FM Analog Tape Recorder ,  1 inch  IRIG, has  1 4  
channel  record ing  c a p a b i l i t y  
8) Power Source and Voltmeter 
Senso r  
F ig .  4 .19  Anemometer and Data Acqu i s i t i on  C i r c u i t r y  
(One Channel) 
Paper  Tape 
w Recorder  L ' 4  1 
SPIRAS 65 
Computer 
A/D Conver te r  
-
~ i g .4.20 D i g i t i z a t i o n  (---j and Data Ana lys i s  C i r c u i t r y  (-j 
The power source  and t h e  vo l tme te r  were used t o  r eco rd  t h e  c a l i b r a -  
t i o n  c o n s t a n t s  on FM analog t apes ,  wh i l e  t h e  d i g i t a l  vo l tme te r  and osc i lPo-  
scope  were used t o  cont inuous ly  moni tor  t h e  anemometer response dur ing  data 
a c q u i s i t i o n .  To accomodate t h e  frequency response r equ i red  by t h e  d i g i t i z i n g  
r a t e s  o f  8000 and 2000 samples p e r  second (Sec t ion  4 .2 .4) ,  t h e  t a p e  r e c o r d e r  
had t o  be run a t  t a p e  speeds of 30 i p s  and 7.5 i p s  t o  provide  s e n s i t i v i t y  t o  
f r equenc ie s  of up t o  1 0  W z  and 2.5 KHz, r e s p e c t i v e l y .  
4.5 .5  	 D i g i t i z a t i o n  and Data Reduction ~ q u i ~ r n e n t  
The d i g i t i z a t i o n  and d a t a  a n a l y s i s  c i r c u i t r y  a r e  p r e s e n t e d  i n  Fig. 
4.20 and a 	l i s t  of  t h e  equipment is provided below: 
1 )  S p i r a s  65 computer, w i t h  16 b i t  word l e n g t h ,  2 ' s  complement, and f u l l  
ASA X 3 . 9 ,  1966, For t r an  I V  c o m p a t i b i l i t y ;  1 6  K memory 
2) I B M  9 t r a c k  N Z R I  Tape Drive 
3) ASTROVERTER Model 3903 A/D Converter :  system provides  1000 samples /sec /  
channel  d i g i t i z i n g  r a t e  
4 j  SANGAM3 3500 Tape Recorder 
5) Paper  Tape Reader and Puncher (Remex and F a c i t ,  r e s p e c t i v e l y )  
6) Gulton-Techni-rite I r i d e s c e n t  Wri t ing  Recorder 
7) Tekt ronix  Type 564 S to rage  Osc i l lo scope  
8) Decwri ter  LA 36. 
S ince  t h e  system capac i ty  was l i m i t e d  t o  1000 samples /sec  i n  r e a l  
t ime , ,  and t h e  d i g i t i z i n g  rates of 8000 and 2000 s;lmples/sec were d e s i r e d ,  t h e  
t ape  r eco rde r  was slowed by f a c t o r s  of 8 and 2 ,  r e s p e c t i v e l y  du r ing  playback 
(Record speed: 30 i p s  and 7.5 i p s ;  Playback speed 3.75). The d a t a  was w r i t t e n  
on t h e  d i g i t a l  t a p e  as i 6 - b i t  b ina ry  (2-bytes) ,  2 ' s  compiement words, 780 of 
which c o n s t i t u t e d  a reco rd  block.  
5.  PRESENTATION AND DISCUSSION OF RESULTS 
This  chap t e r  con t a in s  (1 )  an  assessment  of t h e  d i g i t a l  bubble  s e a r ch  
t e chn ique ,  (2)  exper imenta l  measurements of  f low p r o p e r t i e s  i n  bo th  a 3 and a 
2-dimensional bubble plume, (3) an eva l u a t i on  of some plume c h a r a c t e r i s  t i c s ,  
(4) results of  t h e  s c a l i n g  procedure,  and (5) a comparison of t h e  mathematical  
model w i t h  exper imenta l  r e s u l t s ,  
5 , l  Assessment o f  D i g i t a l  Bubble Search  Technique 
I n  t h i s  s e c t i o n ,  an a t t emp t  w i l l  b e  made t o  a s s e s s  t h e  measurements, 
e s p e c i a l l y  w i t h  r e s p e c t  t o  t h e  flow-bubble-prbbe i n t e r a c t i o n  and t h e  d i g i t a l  
a n a l y s i s  technique.  I n  t h e  l i g h t  of d i s cu s s i on s  p r e sen t ed  i n  S e c t i on s  
4.2.1.1, 4.2.2 and 4 ,2 .5 .1 ,  t h e  impor tan t  f a c t o r s  t h a t  emerge a r e  a )  shape  of 
t h e  p robes  b)  flow f i e l d  e f f e c t s  ( f l u i d  v e l o c i t y  and/or  bubble  concen t r a t i on )  
c )  e f f e c t  of  t h r e sho ld  va lue .  To s e e  how t h e s e  e f f e c t s  f unc t i on ,  some bubble 
r eco rds  will be  p re sen t ed ,  
The g ene r a l  c h a r a c t e r i s t i c s  of t h e  flow-bubble-probe i n t e r a c t i o n  
can be s e e n  i n  a p l o t  of t h e  peak v o l t a g e  drop E a g a i n s t  t h e  t r a v e r s e  t ime 
P 
T (Fig.  5.1). Groups A, I3 and C ,  a l though  t h e  groupings a r e  s u b j e c t i v e ,  a r e  
a measure  of t h e  cons i s t ency  of t h e  technique .  Group A shows r a t h e r  long 
t r a v e r s e  t i m e s  and Group B s  sma l l  v o l t a g e  drops,  wh i l e  Group C r e g i s t e r s  both.  
The l ong  t r a v e r s e  t i m e s  a r e  expected t o  be due t o  a )  i n t e r c e p t i o n s  w i th  
incomple te  ove r l aps ,  con t a in ing  drops which a r e  less than  h a l f  o f  t h e  t h r e s -  
ho ld  v a l u e  E ( a s  i n  F ig .  4.2E) and b) adherence of  bubbles  t o  t h e  s en so r  ( a s
C 
i n  F ig .  4 ,2B),  Of t h e s e ,  t h e  former i s  l i k e l y  t o  occur  more o f t e n  in Group A 
whereas t h e  l a t t e r  would p r e v a i l  i n  Group C. The adherence i n  Group C may 
have been caused, a s  de sc r ibed  i n  S e c t i on  4.2.2, by e i t h e r  a s m a l l  bubble  
--- 
Test = 12 
Point = 3 
Sensor = Conical 
U = 1 . 2 4 3  f p s  
0 10 20 30 40 50 
Traverse Time T (ms )b 
Fig. 5.1 General Characteristics of Flow-Bubble-Sensor Interaction 

c l i n g i n g  t o  t he  s enso r  u n t i l  it becomes b i g  enough t o  be sheared  o f f  by t h e  
flow o r  a l a r g e  bubble deforming and s l i d i n g  o f f  t h e  s e n s o r ,  
The sma l l  v o l t a g e  drops seen  i n  Groups B and C are probably  caused 
by i n t e r c e p t i o n  of s m a l l  bubbles ( a s  i n  Fig.  4.2A) o r  by p a r t i a l  i n t e r c e p t i o n  
(a long  a chord r a t h e r  t han  t h e  diameter)  of l a r g e r  bubbles .  Unfor tuna te ly  i t  
i s  d i f f i c u l t  t o  make t h e  d i s t i n c t i o n  between them; 
A conparison o f  F i g ,  5 . 1  w i t h  F igs ,  5,2A and B i n d i c a t e  t h a t  Groups 
A and C of  Fig.  5.1 show up as d i s t i n c t  groups i n  F igs .  5.2A and B .  I n  s p i t e  
of t h e  s p r e a d  i n  U (F ig .  5 .2B) ,  t h e  cons is tency  ( o r  d e n s i t y  of  c l u s t e r i n g )b . 

i n  D v s .  T i s  s t r i k i n g . 
b b 
To a s s e s s  t h e  e f f e c t  of t h e  t h r e sho ld  l e v e l  E on t h e  bubble  
C 

sampling,  a d a t a  record  was processed a t  E = 1.15 v o l t s  and Ec = 0.75 v o l t s  
C 
( ~ i g s .5 . 3 A  and B) . Of t h e  46 (=317-271) bubbles dropped by r a i s i n g  E 24 
c 
(=26-2) belong t o  Group C. S i m i l a r l y ,  22 belong t o  Group B.  Ra i s ing  t h e  
t h r e s h o l d  c l e a r l y  e l i m i n a t e s  8 bubbles from Group B and 11 from Group C. The 
d i sappea rance  of t h e  o t h e r ,  unaccounted-for bubbles (24-l1=13 from Group C 
and 22-8=16 from Group B) can be i n t e r p r e t e d  as due t o  incomplete  over lapping  
i n t e r c e p t i o n s  (one of e i t h e r  t h e  dropping o r  r i s i n g  l i a b s  i s  less than  0.5 
Ec) . Probably  because an overlapped bubble i s  no longe r  cons idered  as a 
s e p a r a t e  e n t i t y  when E = 1.15,  t h e  t r a v e r s e  t i m e  f o r  i t s  companion i s  
C 
i n c r e a s e d ,  thereby  l ead ing  t o  an i n c r e a s e  of one i n  Group A. Only t h e  8 
bubbles  i n  Group B and t h e  11 i n  Group G belong t o  t h e  p a r t i a l  i n t e r c e p t i o n  
ca t ego ry .  
To i l l u s t r a t e  t h e  i n f luence  of bubble concen t r a t i on ,  Fig. 5.1 wilI 
be compared w i t h  Fig.  5 .4 ,  which d e p i c t s  a bubble record  i n  t h e  same flow, 
having e q u a l  f l u i d  v e l o c i t i e s  bu t  d i f f e r e n t  vo id  r a t i o s .  The reduced over-
,. l app ing  e f f e c t  i s  apparen t  i n  Group A of each. To see t h a t  t h e  same comment 
P o i n t  = 3 
S e n s o r  = Conical 
T r a v e r s e  Time 5 ( m s )  

F i g .  5 .2  Bubble  S i z e  and V e l o c i t y  v e r s u s  the T r a v e r s e  Time 
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1 0  20 30 40 50 
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Fig. 5.4 Concen t r a t i on  E f f e c t  (when compared wi th  F ig .  5.1) 
i s  v a l i d  f o r  Groups C, one need only r e c a l l  t h e  t h r e sho ld  l e v e l  e f f e c t  

(Ec = 1 . 0  v o l t s  i n  F ig .  5 .1  whereas E = 0.80 v o l t s  i n  Fig.  5 .4) . 

C 
The e f f e c t  of f low v e l o c i t y  becomes appa ren t  i n  a comparison of 
F i g s ,  5 , 4  and 5.5. The void  r a t i o  and t h e  t h r e sho ld  v a l u e  a r e  roughly e q u a l ,  
b u t  t h e  f l o w  v e l o c i t i e s  a r e  1.219 and 0.691 f p s  f o r  F i g s ,  5 , 4  and 5.5,  
r e s p e c t i v e l y .  The d i f f e r e n c e  i n  Groups A imp l i e s  ' reduced incomplete  over-
l a p p i n g  w i t h  t h e  low f l u i d  v e l o c i t y  (28 bubbles a t  U = 1.219 f p s  v s .  16 f o r  
U = 0.691 f p s )  . Groups C a r e  s i m i l a r ,  i n d i c a t i n g  t h a t  adherence and deforma- 
t i o n  of bubb le s  i s  ha rd ly  a f f e c t e d  by t h e  magnitude of f low v e l o c i t y .  The 
more s i g n i f i c a n t  d i f f e r e n c e  i s  revea led  by t h e  comparison of Groups B.  A t  
t h e  low f l o w  v e l o c i t y ,  more bubbles a r e  p a r t i a l l y  i n t e r c e p t e d  o r  are swept 
p a s t  t h e  s e n s o r  (about  120 bubbles i n  Group B of  F ig .  5.5 vs .  85 f o r  F ig .  5 . 4 ) .  
Thus, t h e r e  a r e  more f u l l  i n t e r c e p t i o n s  a t  t h e  h ighe r  f low v e l o c i t i e s .  
I n  measurements conducted f o r  t h i s  i n v e s t i g a t i o n ,  both c o n i c a l  and 
hemisphe r i ca l  probes were used, Data p re sen t ed  i n  F i g s ,  5,1-5,s were 
c o l l e c t e d  w i t h  a c o n i c a l  probe,  These w i l l  now be  compared wi th  F igs .  5.6A 
and B,  which  r e p r e s e n t  hemispher ica l  probe measurements. A s  f a r  a s  Groups A 
and C are concerned both  probes  respond s i m i l a r l y  (F ig .  5 . 1  vs .  F ig .  5.6A) . 
The d i f f e r e n c e  i n  t h e  number of bubbles conta ined  i n  Groups A of bo th  f i g u r e s  
is prGbably due to the difference iiithi?-jr -LeapcLLLvtc-:....- U U U U A ~  LL CLLIULISL LLI - - L - - - L ~ - - -CULLC~SL  
( C  = 0.122 f o r  c o n i c a l  vs  . C = 0.085 f o r  hemispheric)  . Otherwise,  t h e r e  i s  
an appa ren t  spread  i n  hemispher ica l  probe measurements. The c l u s t e r i n g  of 
Group B w i t h  r e s p e c t  t o  t h e  main group observed i n  F igs .  5 .1 ,  3, 4 and 5 i s  
n o t  p r e s e n t  i n  F ig .  5,6A; i n s t e a d  t h e r e  is  a cont inuous t r a n s i t i o n  over  t h e  
f u l l  range  of E . I n  view of t he  shape of each probe (Fig.  5.71, t h i s  
P 
d i f f e r e n c e  may be  expla ined  as: most bubbles  of a c e r t a i n  s i z e  range  
Fig. 5.5 E f f e c t  of Flow Veloc i ty  (when compared with Fig. 5.4) 
0 10 20 30 40 50 
Trave r s e  Time T (ms )b 
P ig .  5 .6  Probe  Shape Effect 
T e s t  .= 10 
E 1.28 Volts=r 
Sensor = ~enaispherical 
Traverse Time T (ms)
b 
F ig .  5 . 6  (Continued) 
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Fig.  5. '7 Shape of the Measurement Probes 
= 3-4 v o l t s )  a r e  being shed o f f  t h e  t i p  of t h e  con ica l  probe without  (EP 

having any con tac t  wi th  the  sensor .  In t h e  case  of t h e  hemispherical  probe,  
bubbles  of a l l  s i z e s  a r e  in t e rcep ted  s i n c e  t h e  sensor  i s  a t  t h e  t i p ;  however 
i t s  b lun tness  causes deformation of t he  bubble shapes,  l ead ing  t o  t h e  spread 
i n  Fig .  5.6 - p a r t i c u l a r l y  i n  the  U v s ,  T p l o t .  Moreover, t h e  c l u s t e r i n g  b b 
on top  of Fig.  5.6B (h igh  Ubys ) ,  which i s  absent  from Fig.  5.2B, sugges t s  t h e  
p o s s i b l e  inadequacy of t h e  f r o n t  and back co r r e c t i on s  app l i ed  i n  t h e  d i g i t a l  
s e a r c h  process  (Sec t ions  4.2,2 and 4.2.5.1).  
The above d i f f e rences  i n  the  i n t e r a c t i o n  p a t t e r n s  a r e  a t  l e a s t  one 
reason f o r  t he  v a r i a t i o n  observed i n  t h e  th re sho ld  va lues  f o r  t h e  con ica l  
probe (Sec t ion  4.2.5.1.1).  Other reasons may be found i n  t h e  s t r eaml in ing  
p a t t e r n s  induced by t h e  two probe shapes a t  d i f f e r e n t  po in t s  i n  t h e  flow. 
ssessment-of such  e f f e c t s  cannot be deduced -from - t h e  avai-lab-le daga; --exten 
s i v e  v i s u a l  observa t ions  would be necessary.  
Based on the  above d iscuss ions ,  t he  d e s i r ab l e  probe shape emerges 
a s  one having t h e  advantages of both. A t runca ted  con ica l  probe (without t he  
ex tens ion  beyond t h e  sensor)  can s a t i s f y  t h e  requirement.  S ince  t h i s  choice 
would n o t  change the  presence of Groups A and C (adherence and over lapping) ,  
an e r r o r  of about  10% ( t h e  r a t i o  of t he  number of bubbles i n  A and C t o  t h e  
t o t a l  number of bubbles) i n  t h e  computed bubble s i z e s  and t h e  void r a t i o s  
would remain. Therefore,  accuracy of t h e  measurements would be b e t t e r  i n  
flows w i t h  low bubble concent ra t ions  (< 10-15%) u n t i l  one can account f o r  t h e  
presence  of Groups A and C proper ly .  
5,2 Resu l t s  of  Experimental Measurements 
The f i n a l  experiments cons is ted  of two s e t s  of measurements, each 
o f  which contained t h r e e  sepa ra t e  tests. The f i r s t  set (Tes ts  8, 9 ,  10  i n  
Table 5.1) was conducted wi th  t h e  sands tone  i n j e c t o r  and due to t h e  l im i t ed  
depth  a v a i l a b l e  i n  t h e  r e s e r v o i r ,  on ly  t h e  a i r  d i s cha rge  r a t e  was v a r i e d .  
For t h e  l ower  two d ischarge  r a t e s  (Tes t s  8 and 9 ) ,  t h e  vo id  r a t i o  p r o f i l e s  
e x h i b i t e d  a d i p  a t  t h e  c e n t e r  of a  uniform co re  r eg ion  w i t h  a  g r adua l  decay 
i n  t h e  l a t e r a l  d i r e c t i o n .  This  d i p  and t h e  core  r eg ion  d isappeared  i n  t h e  
a x i a l  d i r e c t i o n ,  f i n a l l y  t ak ing  t h e  u s u a l  shape of t h e  normal curve.  A 
c l o s e r  l o o k  a t  t h e  i n j e c t i o n  p a t t e r n  i n  a 1 .5  f t  p l e x i g l a s s  tank  over  a wide 
range of d i s cha rge  rates i n d i c a t e d  t h a t  a t  t h e  lower r a t e s ,  a i r  was r e l e a s ed  
unevenly, mos t ly  through t h e  s i d e  s u r f a c e  of t h e  sands tone  i n j e c t o r  ( s e e  
F ig .  4.15 f o r  t h e  shape) .  Areas a c t i v e  f o r  a i r  r e l e a s e  s h i f t e d  upward a s  t h e  
d i s cha rge  rate was inc reased ;  even tua l ly  a i r  was r e l e a s ed  s o l e l y  from t h e  top  
s u r f a c e .  I n  view of  t h i s  obse rva t ion ,  f o r  Te s t s  8 and 9,  on ly  t ho s e  r e s u l t s  
which d i d  n o t  depend on t h e  vo id  r a t i o  d i s t r i b u t i o n s  were used throughout  t h e  
rest o f  t h i s  i n v e s t i g a t i o n ,  To a l l e v i a t e  t h i s  problem, t h e  l a t e r a l  s u r f a c e  
of t h e  sandstone was s e a l ed  off. Then Test 11was conducted a t  a low 
d i s cha rge  rate, as t h e  f i r s t  one of t h e  second set of experiments ,  f o r  
comparison w i t h  Te s t  1 0  which had t h e  h i ghe s t  d i s cha rge  r a t e .  The o t h e r  two 
t e s t s  i n  t h e  second s e t ,  T e s t s  12  and 13 ,  were conducted wi th  l ine-source  
i n j e c t o r  (Fig.  4.16B). 
The d a t a  f o r  a l l  tests c o n s i s t s  of t h e  coo rd ina t e s  of t h e  measure- 
ment p o i n t s ,  and f o r  each p o i n t ,  t h e  average f l u i d  v e l o c i t y ,  t h e  r e l a t i v e  
t u r b u l e n t  i n t e n s i t y ,  t h e  vo id  r a t i o  a s  w e l l  as t h e  number of bubbles  and t h e  
c h a r a c t e r i s t i c  bubble v e l o c i t y ,  s i z e  and peak vo l t a g e  drop, A l l  i n fo rma t ion  
i s  p r e s en t ed  i n  Appendix 4 .  
F i gu r e s  5 .8  and 5.9 show t h e  measured v e l o c i t y  d i s t r i b u t i o n s  f o r  
Te s t s  1 0  and 13 ,  t he  former being a t y p i c a l  example f o r  t h e  3-dimensional 
plume whereas t h e  la t ter  i s  t y p i c a l  f o r  a  2-dimensional plume. S im i l a r l y  
Table 5 .1  Resul t s  of E x p e r i m e n t a l  M e a s u r e m e n t s  
T e s t  Xm Y U C b .b X a U 
m m Pn U C S 

r ad ius  r (mm) r ad ius  r (mm) 
x 

Nondimensional Width r / b  
F ig .  5.8 Veloc i ty  D i s t r i bu t i on s  i n  a 3-D Bubble Plume (Tes t  10) 
r a d i u s  jt (mm) 
0 
LD 
0 
0
'n 
0 
0 
ca 
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Nondimensional Width r / b  

F i g .  5 .9  Velocity Distributions in a 2-D Bubble Plume (Test 13) 

t h e  vo id  r a t i o  d i s t r i b u t i o n s  a r e  p r e sen t ed  i n  F i g s .  5.10 and 5.11. I n  each  
f i g u r e ,  t h e  c r o s s - s e c t i on a l  p r o f i l e s  a r e  shown i n d i v i d u a l l y  a long  w i th  t h e  
l e a s t - s q u a r e  f i t  e r r o r  curve.  Each is  numbered s e q u e n t i a l l y  s t a r t i n g  w i t h  
t h e  c ross -sec t ion  c l o s e s t  t o  t h e  i n j e c t o r  and con t inu ing  towards t h e  water 
s u r f a c e .  Then each p r o f i l e  i s  nondimensional ized w i th  i t s  l e a s t - s qua r e  
f i t t e d  c e n t e r l i n e  va lue  and nominal wid th ,  bo th  o f .wh i ch  a r e  t a bu l a t e d  i n  
Table  5 .1 ,  These nondimensional p r o f i l e s  a r e  shown t oge t h e r  a t  t h e  bottom of  
each  f i g u r e  and l a b e l ed  accord ing ly .  Even though t h e  vo i d  r a t i o  measurements 
e x h i b i t  a wider  sp read  than  t h e  v e l o c i t y  measurements (p robably  due t o  i n -  
s u f f i c i e n c y  of  t h e  averag ing  periods-which were determined from f l u i d  v e l o c i t y  
c o n s i d e r a t i o n s ) ,  d i s t r i b u t i o n  of bo th  parameters  a r e  f a i r l y  w e l l  r e p r e s en t ed  
by t h e  Gaussian curves .  The v a r i a t i o n  of t h e  c e n t e r l i n e  v e l o c i t y  and vo i d  
r a t i o s  i s  dep i c t ed  i n  F ig .  5.12 f o r  bo th  s e t s  of measurements. 
The i n t e n s i t y  o f  t u r b u l e n t  f l u c t u a t i o n s  of  f l u i d  v e l o c i t y  measured 
f o r  t h e  3-dimensional plumes (Tes t s  10 and 11) is  p r e s en t ed  i n  F ig .  5.13 
r e l a t i v e  t o  t h e  c e n t e r l i n e  v e l o c i t i e s  and as a f unc t i on  of t h e  nondimensional 
r a d i a l  d i s t a n c e ,  whi le  t hose  f o r  t h e  2-D ca se  (Te s t s  12 and 13)  a r e  g iven  i n  
F ig .  5.14. As i s  expec ted ,  t h e r e  i s  no v a r i a t i o n  among n e i t h e r  t h e  d i f f e r e n t  
c r o s s - s e c t i on s  n o r  t h e  d i f f e r e n t  tests (Fig.  5.15).  The p o s s i b i l i t y  of 
approximat ing  t h e s e  p r o f i l e s  by e xponen t i a l  curves  of 2nd, 4 t h  and 6 t h  
degrees  is i n d i c a t e d  i n  t h e  l a s t  f i g u r e ,  and, as seen ,  t h e  approximation i s  
r a t h e r  poo r  a t  t h e  s i d e s .  Also,  t h e  maximum of  U ' /U  "0 .37  i s  h i ghe r  than  
m 

t h e  0.22-0.28 r e po r t e d  f o r  t u r bu l en t  jets (Rouse, 1959; Kotsovinos,  1977b) ,  
b u t  i t  i s  lower than t h e  0.50 r epo r t ed  by Kotsovinos (1977b) f o r  a thermal  
plume. Chuang and Goldschmidt (1970) had measured a t t e n u a t i o n  of  t u rbu l ence  
i n t e n s i t y  from 0.24-0.36 t o  0.24-0.32 due t o  p r e sence  of  bubbles  i n  a 3-D 
t u r b u l e n t  je t .  The i n c r e a s i ng  l e v e l  of t u rbu l ence ,  which t hey  have observed 
r a d i u s  5 (mm) r a d i u s  r (m) 
Nondimensional Width r j b  

F i g .  5.10 Void R a t i o  D i s t r i b u t i o n s  i n  a 3-D Bubble Plume ( T e s t  10) 

r ad ius  r r a d i u s  r 
Fig .  5.11 Void R a t i o  D i s t r i b u t i o q s  i n  a 2 -D Bubble Plume ( T e s t  13) 
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Fig. 5.15 Re la t ive  ~ u r b u l e n c e  Intensity Dis t r i bu t i ons  i n  Bubble Plumes 
(Approximation with Exponential curves of 2nd, 4th and 6th 
Degrees) 
i n  t h e  a x i a l  d i r e c t i o n  i n  t h e  absence o f  bubbles ,  conforms w i t h  t h e  f i nd i ng s  
of Kotsovinos (P977b), who found t h e  rate of i n c r e a s e  s f  t h e  i n t e n s i t y  of 
t u r b u l e n t  f l u c t u a t i o n s  of temperature  dropping as t h e  t u r b u l e n t  je t  became a 
plume, 
F igu re s  5.16 t o  5.19 show va r ious  a spe c t s  of t h e  c h a r a c t e r i s t i c  
bubble  in format ion .  The d i s t r i b u t i o n s  of  t h e  bubble s l i p  v e l o c i t y  i n  bo th  
t h e  l a t e r a l  and axial d i r e c t i o n s  a r e  shown i n  F ig .  5.16 f o r  each  of  Tes t s  10- 
13.  A s  i s  apparen t  t h e  assumption of a con s t an t  s l i p  v e l o c i t y  i s  indeed 
j u s t i f i e d .  Comparison of t h e  a r i t hme t i c  averages  of  t he  v e l o c i t i e s  (shown by 
t h e  dashed l i n e s )  i n d i c a t e s  t h e  dependence on t h e  d i s cha rge  rate. A look a t  
F ig .  5.17, which d e p i c t s  t he  bubble  s i z e  d i s t r i b u t i o n s ,  shows why t h e  above 
conc lus ion  i s  e a s i l y  unders tandable ,  The dome-shaped sp read  i n  D f o r  Te s t  b 
10, when s c a l ed  up (Fig.  5.18),  b r i ng s  f u r t h e r  i n s i g h t  t o  t h e  bubble genera- 
t i o n  p a t t e r n .  A t  h ighe r  d i scharge  rates, t h e  bubbles  produced are r a t h e r  
l a r g e ,  bu t  they break  up along t h e  a x i a l  d i r e c t i o n .  
F i n a l l y ,  the r e l a t i o n s h i p s  among t h e  c h a r a c t e r i s t i c  bubble  
parameters  a r e  explored by p l o t t i n g  each of t h e  s l i p  v e l o c i t i e s  U and t h e  
S 
peak vo l t age  drops E a g a i n s t  t h e  bubble d iameter  Db. The U ve r sus  D 
P s b 
r e l a t i o n s h i p  (Fig. 5 .19A)  behaves s im i l a r l y  t o  Haberman and Morton's (1954) 
measurement of t e rmina l  bubble v e l o c i t i e s  i n  water  and t o  Baker and Chaoys 
(1963) measurement of bubble s l i p  v e l o c i t y  i n  a t u r bu l en t  flow. Probably due 
t o  proximi ty  e f f e c t ,  t h e  cons t an t  po r t i on  of t h e  s l i p  v e l o c i t y  i s  abo r~ t  
15 +- 3 cm/sec i n  t h i s  s tudy  i n  comparison w i t h  23-26 cm/sec i n  t h e  above 
s t u d i e s ,  which were based on measurements w i t h  s i n g l e  bubbles.  The same type 
o f  r e l a t i o n s h i p  i s  exh i b i t e d  between E and D i n  F ig .  5.19B. E i n c r e a s e s  
P b P 
w i t h  D u n t i l  D " 0.2 cm, and then  l e v e l s  o f f  a t  about  4 v o l t s .  Chuang and b b .  
Go l d s c hdd t  (1970) had at tempted t o  p r e d i c t  and t o  expe r imen ta l l y  v e r i f y  t h e  
t r e nd  of t h e  lower p a r t  f o r  bubbles  of D < 1400 micron. b 
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F ig .  5.16 D i s t r i b u t i o n  of  S l i p  Ve l o c i t i e s  (U ) i n  Bubble Plumes 
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Fig .  5.17 D i s t r i b u t i o n  of Bubble Diameters  ( D ~ )in Bubble Plumes 
Y Axes (in mm)
'0' 0 
Fig. 5 . 1 8  Bubble S i z e  D i s t r i b u t i o n  f o r  Test 10 

Fig. 5.19 	 Characteristic Bubble Sizes (Db ) .  Slip Velocities (Us ) and Peak 
Voltage Drops  (E )
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S 0 3  E v a l u a t i o n  of  Some Screen C h a r a c t e r i s t i c s  from Experimental  Data ,  
The d a t a  p r e sen t ed  i n  Table 5 . 1  i s  used  t o  e v a l u a t e  such  parameters  
a s  t h e  r e l a t i v e  sp read  rate of  vo id  r a t i o ,  A ,  t h e  l o c a l  entra inment  rate, a ,  
and t h e  l o c a l  d i s cha rge  r a t e s  i n  bubble  plumes. 1 was de f ined  i n  E q .  3,57 and  
t h e  r e s u l t s  of t h e  computations are shown i n  Table 5 .1 .  The l o c a l  en t ra inment  
c o e f f i c i e n t s  were deduced u s ing  Eqs. 2 ,14a  and 2.15a- However t o  c a r r y  o u t  
t h e  computat ions ,  t h e  a p p r o p r i a t e  v i r t u a l  sou rce s  had t o  b e  l o c a t e d ,  For  t h i s ,  
t h e  plume w i d t h  d a t a  was p l o t t e d  a g a i n s t  t h e  d i s t a n c e  above t h e  i n j e c t o r  f o r  
each ca se .  Then t h e  l i n e a r  approximation f o r  each s e t  o f  d a t a  was e x t r a p o l a t e d  
t o  f i n d  t h e  v i r t u a l  sou rce s .  They t u rned  o u t  t o  be 0.10 H below t h e  i n j e c t o r s  
f o r  b o t h  the 2  and 3 Dimensional plumes. Again t h e  computed a v a l u e s  a r e  
inc luded  i n  Table  5 ,1 .  Furthermore,  f o r  e v a l u a t i o n  of t h e  c o e f f i c i e n t s  
appear ing  i n  FOX'S (1971) en t ra inment  c o e f f i c i e n t  express ion  (Sec t i on  3 . 2 . 2 . 2 ) ,  
t h e  l o c a l  d e n s i m e t r i c  Froude numbers, F as de f ined  i n  Sec t i on  3 .2  -2 .2 ,  wereL 

eva lua t ed  	and shown i n  Table  5.1.  
F o r  u s e  i n  t h e  development of t h e  s c a l i n g  r e l a t i o n s h i p s  to b e  d i s -
cussed i n  t h e  n e x t  s e c t i o n ,  t h e  r a t i o  of  t h e  l o c a l  w a t e r  d i s cha rge  t o  t h e  a i r  
i n j e c t i o n  ra te  was computed from t h e  d a t a  i n  Table 5 . 1  us ing :  
5 .4  S c a l i n g  Procedure 
5 .4 .1  	 S c a l i n g  Re l a t i onsh ip s  
The f i n a l  forms of  t h e  s c a l i n g  r e l a t i o n s h i p s  developed i n  Sec t i on  
3 .2 .1  w i l l  b e  determined i n  t h i s  s e c t i o n  by e v a l u a t i n g  t h e  powers appear ing  i n  
Eqs. 3.18 and 3.19. Analogy wi th  so l u t i on s  f o r  simple plumes provides a 
b a s i s  f o r  a rough es t ima te  of the  va lues  under cons idera t ion .  When rearranged,  
Eqs. 2.14b and 2.15b f o r  t h e  c en t e r l i n e  v e l o c i t i e s  of 3 and 2-Dimensional 
plumes become: 
. . 
The above parameters were defined i n  Chapter 3 .  Since t h i s  s o l u t i o n  i s  v a l i d  
only a t  t h e  source,  and ( 1  + )'I3 = 1 at  the  su r face ,  i t  i s  expected t h a t  
I I 
0 

between the  two regions,  t h e  ( 1  + term would be of t h e  form 
0 
wi th  p unknown. This can now be recognized a s  the  s c a l e  f a c t o r  P wi th  the  
power p equal  to  p i n  Eqso 3.15, 2.18 and 3.19. Furthermore, i f  t h e  constancy 2 
of X and a i s  introduced,  a s  i s  o f t en  done f o r  buoyant j e t  and plume s t ud i e s ,  
a comparison of the  forms of t h e  above expressions wi th  Eq .  3.15 y i e l d s :  
The o t he r  t .  values may be  es t imated  by extending t h e  comparison t o  t h e  dis-  
1 

charge r a t e s  (using Eqs. 2.14 and 2.15) : 
Thus, Eqs. 3.18a a d  3*19a ,  a long  w i th  3.15, y i e ld : :  
3-D : t = 5 / 3  and tl = 03 
2-D:: t 3 = 1  and t = O1 

The d a t a  of  t h e  p r e sen t  i n v e s t i g a t i o n  as w e l l  as those  of  Bulson 
(1963) and Kobus (1968) were used t o  t e s t  t h e  r e l i a b i l i t y  of  t h e  t e s t ima t e si 
and t o  e v a l u a t e  t h e  powers of t h e  s c a l e  f a c t o r ,  pi, The b e s t  t .  and p va lues  
I i 
were determined by a l e a s t - squa re  f i t t i n g  procedure .  Each ti and pi was 
v a r i e d  o v e r  a range i n  accordance w i t h  t h e  above con s i d e r a t i on s  (Eqs.. 3.18, 
3.19, 5 . 3  and 5 .6 ) .  For a p a r t i c u l a r  combination of  t and pi t h e  reduced i 
d a t a  was f i t t e d  w i t h  a l i n e a r  r e l a t i o n s h i p .  The s t a nda r d  e r r o r  and r e g r e s s i on  
c o e f f i c i e n t  of t he  f i t  was used measure t o  s e l e c t  t h e  b e s t  and 
The r e s u l t s  a r e  p r e sen t ed  i n  F igs .  5.20-5.22 f o r  3-Dimensional s c r e en s  and i n  
F ig s .  5,23-5*25 f o r  2-Dimensional ones.  The e f f e c t s  of t h e  sou rce  s t r e n g t h  
F ( o r  F ) and t h e  s c a l e  f a c t o r  P on t h e  f low wid th s ,  c e n t e r l i n e  v e l o c i t i e s  Q q 
and t h e  d i s ch a r g e  r a t e s  are shown s e p a r a t e l y  i n  each set  a long  w i t h  t h e  
cor responding  l i n e a r  approximat ions.  The app rop r i a t e  va lues  o f  t and p f o ri i 
each  s e t  a r e :  
The s t anda rd  e r r o r  and t h e  r eg re s s ion  c o e f f i c i e n t  each v a r i e d  over  
a range  of  0.006-0.052 and 0.84-0.97, r e s p e c t i v e l y .  
Fig. 5.20 Sc a l i n g  of Flow Widths f o r  3-D Bubble Sc reens  
a 
m 
0 
ea0 ,OO  0.20 0.60 4.88 
+ 450. 930. Kobus(1968) 
X 450. 1300. Kobus(1968) 
@ 450. 2550. Kobus(1968) 
9 450. 4200. Kobus(1968) 
X 
2 
Y 
# 
. 450. 
101.56 
101.56 
99.27 
5800. 
28.32 
70.80 
141.60 
Kobus(1968) 
(88) 
(49) 
(110) 
@ 99.27 42.48 (ill) 
T e s t  lI 
Fig.  5 .21 S c a l i ng  of  Flow Ve l o c i t i e s  f o r  3-D Bubble Screens  
Fig .  5.22 Scal ing of Discharge Rates f o r  3-D Bubble Screens 
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F i g .  5 . 2 3  S c a l i n g  of  Flow Wid ths  f o r  2-D Bubb l e  Screens 
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F i g .  5 . 2 5  Sc a l i n g  of  Discharge  Rates f o r  2-D Bubb le  Screens 
The spread of some of t h e  d a t a  i n  F igs .  5.20-5.25 prompted a c l o s e r  
examination. These w i l l  b e  reviewed be fo re  i n i t i a t i n g  a d i scuss ion  of t h e  
impl i ca t ions  of t h e  r e s u l t i n g  s c a l i n g  r e l a t i o n s h i p s .  
Examination of t h e  full da t a  r eco rd  revea led  t h e  causes f o r  the 
dev ia t ions  of Test 8 and 11, seen i n  Figs .  5 .21  and 5 . 22 .  As  was expla ined  i n  
Sec t ion  5 . 2 ,  i n  Test  8 a i r  was discharged through t h e  lower per imeter  of t h e  
sandstone,  leading  t o  d i s t o r t e d  voids  r a t ' i o  d i s t r i b u t i o n s  above the  source.  
This s i t u a t i o n  i s  expected t o  have caused measurement of  h igher  c e n t e r l i n e  
v e l o c i t i e s ,  and thus,  higher d ischarge  r a t e s .  To remedy t h i s  problem, t h e  
s u r f a c e  of t h e  sandstone i n j e c t o r  was s e a l ed ,  except  f o r  t h e  top ,  f o r  Test 11. 
For t h i s ,  t h e  a i r  supply l i n e  had t o  b e  disassembled. ~ ~ ~ a r e n t l ~ ,a l e ak  must 
have been in t roduced i n  the  l i n e  during reassembly, s i n c e ,  a l though t h e  Qa 
measured a t  t h e  flowmeter ( see  Fig.  4.14 f o r  the l ayou t )  i s  g r e a t e r  f o r  Tes t  11 
( 42 . 48  cc / s  vs .  28.32 cc / s  f o r  Test $1, t h e  measured bubble s i z e s  a r e  sma l l e r  
(0.176 cm vs. 0.272 cm) and t h e  c e n t e r l i n e  v e l o c i t i e s  a r e  lower (0.93 fps  vs .  
1.28 fps  at -Z = 0.2). This deduction is confirmed by the pressure measurementsH 

a t  the i n j e c t i o n  box and a t  the  flowmeter: 
Tes t  Box Pres su re  P res su re  a t  
. ( i n .  o f w a t e r )  Flowmeter (ps ig)  
Based on t h e  box p res su res ,  one would expect  t h e  same discharge r a t e  through 
t h e  sandstone i f  t h e  l o s s e s  were equal ;  however i t  i s  known t h a t  t h e  flow f o r  
Tes t  11 had t o  take a longer  pa th  through t h e  sandstone.  Therefore,  Qa f o r  
Tes t  11must be l e s s  than t h a t  f o r  8. Even though t h e r e  i s  no way t o  de ter -  
mine t h e  exac t  d ischarge  f o r  11, an es t ima te  may be  made by assuming t h a t  t h e  
bubbles  i n  each case  a r e  gene ra t ed  s im i l a r l y .  From Eq.  2.2; 
This  seems t o  be  too  low when conpared w i t h  (Qa) = 28.32 c c / s ;  t h e r e f o r e ,  
9.54 c c / s  w i l l  b e  cons idered  a lower l i m i t .  An a r i t hm e t i c  ave rage  of  t h e  two 
l i m i t s ,  t h a t  i s  (28.32 + 9.54) /2  = 18 .93  c c / s ,  w i l l  be  used t o  show t h e  
improvement i n  t h e  s c a l i n g  p l o t s  (F ig .  5 .26)  . The r e s u l t i n g  l i n e a r  approxi-  
mat ions  a r e :  
The sp read  s een  i n  F ig s ,  5*23-5.25 i s  due t o  a d i s cha rge  d i s ag ree -  
ment i n  Te s t  12.  Even though qa measured at  t h e  flowmeter i s  7.123 cc/s/cm, 
t h e  d i s ch a r g e  found by i n t e g r a t i o n  of  c r o s s - s e c t i on a l  p r o f i l e s  i s  about  15.49 
cc/s/crn, IE a r r i u l n g  a t  the la t ter ;  g was p icked  t o  ctanfsm- with the  shape
a 
of t h e  d i scharge- threshold  v a l u e  curves  (F ig .  4.12 i n  Sec t i on  4.2 .5 .1 .1) .  
Although some nonunif o rmi ty  (h ighe r  bubble  concen t r a t i ons  around t h e  c e n t e r  
of  t h e  2-Dimensional sou rce )  w a s  observed dur ing  t h e  measurements, t h e  d i f f -  
e r ence  was n o t  expected t o  b e  s o  h igh .  Therefore ,  bo th  have been shown i n  
F ig s .  5.23-5.25. Comparison of F igs .  5 .24 and 5.25 d e p i c t s  t h e  fo l l owing  
t r end :  i n  F i g .  5.24, r e s u l t s  due t o  q = 7.123 cc/s/cm a r e  h i g h e r  t han  t h e  
a 
rest of  t h e  d a t a ,  wh i l e  i n  F ig .  5.25 15.49 cc/s/cm y i e l d s  lower  r e s u l t s .  
Both t r e n d s  would improve i f  q was between t h e  above two l im i t s .  This ,
a 

in Fig, 5,20 except 
= 18.93 cc/s for //I1 
Symbols are as de f i n ed  
in F i g .  5 .21  except 
= 18.93 cc/s for #I1 
Fig. 5.26 Scaling of 3-D Bubble Screens  
wi thou t  any f u r t h e r  r e s o l u t i o n  ava i l a b l e ,  was shown i n  F ig .  5 .27  f o r  t h e  
a r i t hm e t i c  mean of t h e  two, = 11.31 cc/s/cma Except f o r  t h e  d ev i a t i on  i n
'a 
the p l o t  o f  c e n t e r l i n e  v e l o c i t i e s  (Fig.  5 - 2 4 ) ,  t h e  sp read  i n  t h e  o t h e r  ca se s  
i s  i n  agreement w i th  t h e  r e s t  of t h e  a v a i l a b l e  d a t a .  For this  ca se :  
5 . 4 . 2  Imp l i c a t i on s  of t h e  ScaPing Re la t i ons  
The s c a l i n g  r e l a t i o n s h i p s  deduced i n  t he  prev ious  s e c t i o n  should ,  
due t o  the l im i t e d  range of t h e  d a t a ,  be accepted w i t h  cau t ion .  Neve r the l e s s ,  
they  h e l p  t o  e xp l a i n  c e r t a i n  f e a t u r e s .  
The compres s ib i l i t y  e f f e c t  may be s epa r a t ed  from t h e  s c a l e  f a c t o r  
t o  show t h e  in f r ingement  of t h e  complete s im i l i t u d e  requirements .  This can 
be ach ieved  by r ep l a c i ng  Q
a 
wi th  i t s  l o c a l  va lue  Q
az (Qa - P Qaz and P = t h e  
scale factor). For t h e  3-Dimensional plume: 
Fig. 5.27 Scaling of 2-D Bubble Screens 
A s  apparent  from both of t h e  above s e t s ,  t h e  s im i l i t u d e  infr ingement  e f f e c t  
i s  reduced ( i . e .  the  con t r ibu t ion  of t h e  P term i s  l e s s )  i f  t h e  atmospheric 
d ischarge  r a t e s  a r e  replaced by t h e i r  l o c a l  va lues  
The above r e s u l t s  w i l l  now be used t o  expla in  why a t tempts  t o  s c a l e  
d ischarge  r a t e s  from models t o  pro to types  wi th  Froude s c a l i n g  y i e lded  over-
e s t ima tes  (Sect ion 2.3.2.1) .  Using Eq .  5 . 1 1 ~ :  
I f  t h e  p r e s e n t  experiments (H = 1.0 m) were sca l ed  wi th  only Froude s im i l a r i t y  
r u l e s ,  q ( a t  t he  i n j e c t o r )  f o r  Bulsons ' s  (1963) case (H = 10.36 m) . would beR 

overes t imated  by a f a c t o r  of:  
The o rde r  of overes t imat ion  repor ted  i n  t h e  l i t e r a t u r e  i s  l a r g e r  than t h i s ;  
however i t  i s  expected t h a t  accuracy of t h e  es t imates  w i l l  improve when r e s u l t s  
of l a r g e  s c a l e  experiments a r e  incorpora ted  i n t o  formulat ion of t h e  s c a l i n g  
r e l a t i o n s h i p s .  
Another a rea  on whi'ch some l i g h t  i s  shed by a  r e i n t e r p r e t a t i o n  of t h e  
s c a l i n g  r e l a t i o n s h i p s  is  t h a t  of a n a l y t i c a l  bubble plume modelling. Manipu-
l a t i n g  t h e  s imple plume so l u t i on s  f o r  nominal plume widths,  Eqs. 2.14a and 
2.15a; t o  inco rpora t e  the  groupings obta ined  i n  t h e  previous s e c t i on  : 
Since ,  from Eqs. 5.8a and 5.9a t he  width groupings a r e  constant  f o r  a p a r t i c -
u l a r  z/H va lue ,  t h e r e  emerges t h e  dependence of t h e  entrainment c o e f f i c i e n t  on 
t h e  s t r e n g t h  parameter F ( o r  F ) and t h e  s c a l e  f a c t o r  P. With these  i n  mind, Q 4 
t h e  c e n t e r l i n e  v e l oc i t y  express ions  (Eqs. 5 . 1  and 5.2) become: 
This l a s t  manipulation indicates the  dependence of ;\ on F- ( o r  F ) and P aQ 4 
When Eqs. 5.12 and 5.13 a r e  s u b s t i t u t e d  i n t o  the  d ischarge  r a t e  express ions  
(Eqs .  5 .4a and b) , t h e  above groupings a r e  found t o  be  cons i s t en t .  
The ava i l ab l e  d a t a  f o r  a i s  used t o  i l l u s t r a t e  t h e  dependence on 
F and P. The usual  approximation of a by a constant  va lue  f o r  each experiment Q 

i s  employed and t h e  r e s u l t s  a r e  shown i n  Figs .  5.28 and 5.29. The f i n a l  
groupings may be approximated as :  
The two s e t s  of d a t a  on X f o r  each of  t h e  3 and 2-Dimensional plumes 
(Table 5.1) y i e l d :  
3-D: ( 1 + X )2 l / 3  -0.27 ( 1  4- K -0 .23  = 3.69Q 

0 
2-D : (I=!+) 2 1/6 -0-1 ( 1  + -1.05 = 1 . 7 1  
0 

In jec t ion  Rate  Q (cc/s)  
a 

Source S t r e n g t h  F Q 
F i g .  5 .28  S c a l i n g  of En t ra inment  C o e f f i c i e n t s  f o r  3-D Bubble Plumes 
20 40 60 80 
Injection Ra t e  q ( c c / s / cm )
a 

Source S t r e ng t h  F 
cg 
F i g .  5 . 2 9  Scaling of Entrainment  Co e f f i c i e n t s  f o r  2-D Bubble Plumes 
S l i p  v e l o c i t i e s  a r e  expected t o  behave l i k e  c e n t e r l i n e  v e l o c i t i e s ,  
as p r e s en t ed  i n  Eqs. 5. l ob  and 5.11b. Using the  r e s u l t s  f o r '  Tes t s  8-13 
(Table 5.1) : 
The r e l a t i o n s h i p s  (Eqs. 5.15 and 5.16) are only rough e s t ima t e s  due 
t o  t h e  l i m i t e d  d a t a  used i n  t h e i r  eva lua t ion .  
When s p e c i f i c a t i o n  of i n t i a l  cond i t i ons  f o r  s o l u t i o n  of a n a l y t i c a l  
models i nvo l v e s  use of a  v i r t u a l  sou rce ,  t he  submergence of t h e  v i r t u a l  source  
benea th  the, i n j e c t o r  must be  p red i c t ed .  Ex t r apo la t i on  of t h e  approximations 
i n  t h e  b/H s c a l i n g  p l o t s  i n d i c a t e s  a  v i r t u a l  sou rce  a t  0.18H f o r  3-D plumes 
(F ig .  5.26) and O.OH f o r  2-D plumes (Fig.  5 .27) .  The l a t t e r  v a l u e  is  unrea l -
i s t i c ,  since i t  probably i s  caused by t h e  s c a t t e r  i n  t h e  d a t a s  As a d d i t i o n a l  
d a t a ,  e s p e c i a l l y  a t  l a r g e r  s c a l e s ,  become a v a i l a b l e ,  t h i s  r e s u l t  i s  l i k e l y  t o  
improve. 
5 .5  Re su l t s  of Ana l y t i c a l  Modelling 
Tf.lis s e c t i o n  con ta in s  a comparison of t h e  a n a l y t i c a l  model developed 
i n  S e c t i o n  3.2,2 w i t h  t he  a v a i l a b l e  d a t a ,  Emphasis w i l l  b e  p laced  on i n v e s t i -  
g a t i o n  of t h e  s e n s i t i v i t y  of t he  model t o  t h e  Boussinesq Approximation, and 
t h e  s p e c i f i c a t i o n  of t h e  i n i t i a l  condi t ions  t oge t h e r  w i t h  t h e  v a l u e s  of t h e  
relat ive sp r e ad  rate of vo id  r a t i o  A,  t h e  entrainment  c o e f f i c i e n t  a and t h e  
s l i p  v e l o c i t y  U . Resul t s  f o r  Tes t s  1Qand I3 w i l l  b e  u t i l i z e d  t o  i l l u s t r a t e  
s 
t h e s e  f a c t o r s  f o r  each of t h e  3-and 2-Dimensional plume cases ,  r e s p e c t i v e l y .  
I n  t h e  remainder of t h i s  s e c t i o n ,  t h e  two i n i t i a l  cond i t i ons  d i s cus sed  i n  
Sec t ion  3 . 2 , 2 , 3  w i l l  be  i d e n t i f i e d  as I C l  and HC2,  O f  the  two, I C 2  r equ i r e s  
t h e  ex i s t ence  of a y i r t u a l  source beneath t h e  i n j e c t o r .  I C 3  w i l l  denote t h e  
i n i t i a l  condi t ions  used by Cederwall and Di tna r s  (1970). The i l l u s t r a t i b n s  
t o  b e  presented  w i l l  i nc lude  t h e  growth of t h e  nominal plume width ,  and the  
corresponding decay r a t e s  f o r  t h e  c e n t e r l i n e  v e l o c i t i e s  and vo id  r a t i o s .  
Figs.  5.30 and 5 .31  dep ic t  t h e  e f f e c t  of t h e  Boussinesq Approximation 
on t h e  s o l u t i on s ,  genera ted ,  w i th  I C ~as  t h e  i n i t i a l  condi t ion ,  f o r  a range  
of a va lues .  I n  these  f i gu r e s ,  t h e  dashed l i n e s  correspond t o  t h e  f u l l  equa- 
t i o n s ,  whereas t h e  s o l i d  l i n e s  r ep resen t  t h e  approximate £oms. Except f o r  
a s l i g h t  dev ia t ion  i n  t h e  decay of U,/U ( f o r  3-D plumes) , t h e r e '  i s  no appar-B 
e n t  i n f luence .  Therefore,  t h e  approximate ve r s ion  of t h e  model w i l l  be used 
f o r  t h e  remaining d i scuss ions .  Of t h e  entrainment c o e f f i c i e n t s  determined i n  
Sec t ion  5.3, a = 0.084 f o r  Test  10  p r ed i c t s  b / ~  and Cm r a t h e r  w e l l ;  however 
the ~ r g d i c t i o n sf o r  3 
m 
/UQ are close, but no t  as good \ J e J V J  a 1% Fige  5.31, 
t h e  use of a = 0.098, r a t h e r  than t h e  computed va lue ,  0.076, produces more 
a c cu r a t e  e s t ima tes  f o r  t h e  2-Dimensional plume. The dev ia t ions  i n  U,/U a r e  
4 
even more se r ious  than those  of i n  t h e  3-D case ,  Such behavior  was a l s o  
r epor t ed  by Cederwall and Ditmars (1970) and Brevik (1977). 
A t  t h i s  po i n t ,  a comment on the  performance o f  FOX'S (1970) v a r i ab l e  
entrainment  c o e f f i c i e n t  (Sect ion 3.2.2.2) is i n  o rde r .  The l o c a l  dens imet r ic  
Froude number F was found t o  be cons tant  f o r  each t e s t ,  except  f o r  L 
Z/H < 0.025. The va lue  of t h e  cons tant  v a r i ed  w i t h  t h e  entrainment  coe f f i c i en t  
a. Therefore,  t h e r e  i s  no expression a v a i l a b l e  f o r  gene ra l  purposes. or 
v a r i e s  only  i f  e i t h e r  one o r  both of t h e  a appearing i n  Fox's express ion  a r e  i 

va r i a b i e s ,  depending poss ib ly  on A. There is  l i t t l e  experimental  b a s i s  t o  
e s t a b l i s h  o r  con£i r m  such a r e l a t i on sh i p .  
f i g .  5.30 E f f e c t  of Boussinesq Approx ima t ion  on A n a l y t i c a l  
Mode l l i n g  of 3-D Plumes . 
Fig.  5.31 E f f e c t  of Boussinesq Approximation on An a l y t i c a l  
Modelling of 2-D Plumes 
To i n v e s t i g a t e  t h e  appropr i a t eness  of t h e  i n i t i a l  condi t ions  
mentioned, t h e  above r e s u l t s  (F ig .  5.30) were compared wi th  those  obta ined  f o r  
IC2. The  r e s u l t s  were e s s e n t i a l l y  t h e  same; however, t h e  IC2 s o l u t i o n s  f o r  
v e l o c i t i e s  a t  t h e  source .  Thus IC2 w i l l  be  dropped from any f u r t h e r  consid- 
e r a t i o n .  The comparison between I C 1  and IC3 i s  shown i n  F igs .  5.32 and 5.33. 
I n  these ,  a s  w e l l  a s  t h e  o t h e r  f i g u r e s  t o  b e  presented  i n  t h i s  s e c t i o n ,  t h e  
dashed l i n e s  r ep r e s en t  IC3 whi l e  t h e  s o l i d  l i n e s  s t a n d  f o r  I C 1 .  I n  Fig. 5.32, 
I C 1  l e a d s  t o  h i g h e r  b/H p r ed i c t i on s  bu t  sma l l e r  U,/U 's and C 's .  The d i f  f -  Q rn 

erences  d e c r e a s e  as u and z/H a r e  inc reased ;  t h e  d ev i a t i on s  a r e ,  i n  gene ra l ,  
n o t  a t  a s i g n i f i c a n t  l e v e l .  For t h e  2-Dimensional plumes, except '  f o r  s l i g h t  
d i f f e r e n c e s  i n  t h e  i n j e c t o r  v i c i n i t y  t h e  U / U  p r ed i c t i on s  a r e  i d e n t i c a l  f o r  
¶ 
I C 1  and IC3; however, computations f o r  b/H and C a r e  q u i t e  d i f f e r e n t .  IC3 
m 
rn 
wi th  a = 0.098, which was computed from t he  s imple plume width r e l a t i o n s h i p  
of S e c t i s n  5,3, produced good agreement wi th  t h e  data f o r  b/M and  C , A s  
mentioned p r ev i ou s l y ,  r e s u l t s  f o r  I C l  a r e  comparable wi th  t h e  d a t a  only f o r  
a = 0.098.  The b e l i e f  t h a t  t h e  bubbles  have n o t  y e t  a t t a i n e d  a  s l i p  v e l o c i t y  
i n  t h e  i n j e c t o r  v i c i n i t y  was t e s t e d  by s e t t i n g  U = 0.0 i n  t h e  express ions  f o r  
S 
I C 1 .  Th i s  produced no apparent  change i n  t h e  p r ed i c t i on s .  Such a  manipulat ion 
cannot even be considered f o r  I C 3  s i n c e  t h e  r e l a t i o n s h i p s  f o r  IC3 were der ived  
f o r  U = 0.0. 
S 

The s e n s i t i v i t y  of t h e  s o l u t i o n s  t o  the  A va lues  i s  shown i n  F igs .  
5.34 and 5.35.  As  was apparent  i n  s imple  plume sou t ions  (Eqs. 2.14a and 
2.15a) t h e  plume widths  a r e  i n s e n s i t i v e  t o  changes i n  A. The changes induced 
i n  t h e  v e l o c i t y  and void  r a t i o  p r ed i c t i on s ,  however, a r e  comparable, p a r t i c -  
u l a r l y  f o r  Cm, t o  those  produced by t h e  v a r i a t i o n s  i n  a i n  ~ i g s .  5.30-5.33. 
Fig .  5 . 3 2  Comparison of Initial Conditions for 3-D Plumes for Various 
Entrainment Rates 
Fig .  5.33 Comparison of I n i t i a l  Condit ions f o r  2-0 Bubble Plumes 
for Various Entrainment Rates 
Fig. 

Fig. 5.35 Effect of A on Analytical Modelling of 2-D Plumes 
Fig.  5.36 E f f e c t  of S l i p  Velocity Us on 3-D P l a e  Solutions 
Fig. 5.37 Effect of Slip Velocity U on 2-D Plume So lu t ions  
s 
For example, the v e l o c i t y  d ev i a t i on  observed e a r l i e r  i n  Figs.. 5.30 and 
5.32 f o r  a = 0.084 a d  A = 0 , 7 ' i s  reduced i f  X is  inc reased  t o  O,$ (F ig .  
Conclusions similar t o  the above were reached when t h e  a n a l y s i s  was 
ex tended t o  s l i p  v e l o c i t i e s ,  Us (Figs.  5.36 and 5.37). For the sma l l e r  bubbles 
(low U ) t h e  induced c e n t e r l i n e  v e l o c i t i e s  and t h e  vo id  r a t i o s  a r e  much 
S 
h i g h e r ;  t h e  corresponding s m a l l  r educ t ions  i n  plume width  i n d i c a t e  a h i ghe r  
wa t e r  pumping e f f i c i e n c y  . 
The r e s u l t s  ob ta ined  w i t h  I C 1  and I C 3  and t h e  exper imenta l ly  d e t e r -  
mined va lues  of A ,  U and a were s c a l ed  us ing  t h e  groupings ( f o r  width  and 
S 
v e l o c i t y )  developed i n  Sec t ion  5.4.1 f o r  comparison w i t h  a l l  t h e  a v a i l a b l e  
d a t a o  The 3-Dimensional case ,  a s  seen i n  Fig,  5 , 38 ,  i n d i c a t e s  lower a n a l y t i c a l  
p r e d i c t i o n s  f o r  bo t h  t h e  width  and, e s p e c i a l l y  f o r  t h e  veloci.ty groupings.  I n  
t h e  c a s e  of 2-Dimensional plumes t h e  p r ed i c t i on s  a r e  s l i g h t l y  h ighe r  f o r  t h e  
width ,  bu t  t h e  d ev i a t i on  i s  cons ide rab le  f o r  t h e  v e l o c i t i e s  (F ig .  5.39) . 
I n  summary, t h e  fo l lowing may be  concluded: The Boussinesq 
Approximation may b e  in t roduced  wi thout  any s i g n i f i c a n t  e r r o r s  on t h e  r e s u l t s .  
A t  t i m e s  when a r e l i a b l e  e s t ima t e  of t h e  v i r t u a l  source  depth is a v a i l a b l e ,  
I C 3  may be p r e f e r r e d  ove r  I C 1  f o r  s p e c i f i c a t i o n  of t h e  i n i t i a l  cond i t ions .  
Otherwise,  no t i ng  t h a t  f o r  2 -~ imens iona l  plumes t h e  usua l  e s t ima t e s  f o r  a 
may be  low, I C 1  may be  a b e t t e r  choice.  Constant va lues  of U a and X may
s 
be  used;  however due t o  s e n s i t i v i t y  of t he  model t o  va lues  of  t h e s e  para- 
me te r s ,  cau t ion  must b e  exe rc i sed  i n  determining t h e  app rop r i a t e  v a l ue s ,  
p a r t i c u l a r l y  i f  t h e  i n t e r e s t  i s  i n  plume c h a r a c t e r i s t i c s  o t h e r  than t h e  width .  
The r e l a t i o n s h i p s  developed i n  Sec t ion  5 .4 .2  may provide  a  g u i d e l i n e  f o r  t h i s  
las t  process .  F i n a l l y ,  t h e  c e n t e r l i n e  v e l o c i t y  e s t ima tes  are t h e  l e a s t  re-
l i a b l e ,  e s p e c i a l l y  f o r  2-Dimensional plumes. 
Based on Test 18: 
r i c a l  I C 1  ( s o l i d  Pine) 
Fig .  5.38 Comparison o f  Numerical So l u t i on s  wi th  the Available Data 
(3-D Plumes) 
I Numerical 
F ig .  5 .39  Comparison o f  Numerical Solutions with the  Available Data 
(2-D Plumes)  
Experimental measurements a s  we l l  as a n a l y t i c a l  i nve s t i g a t i on s  d is -  
cussed i n  t h e  previous chapters  have l e d  t o  t h e  fol lowing conclusions,  which, 
f o r  t h e  s a k e  of c l a r i t y ,  w i l l  be grouped under t h e  above two headings : 
A) . Experiment a 1  Findings : 
1. Hot-film anemometr-y and the  d i g i t a l  d a t a  ana l y s i s  technique 
developed were, i n  s p i t e  of  the  expense and complicat ions involved, found t o  
be e x c e l l e n t  t oo l s  f o r  i nve s t i g a t i on s  i n  bubble screens .  I n  add i t i on  t o  t h e  
u sua l  f l ow  v e l o c i t y  measurements, such information a s  voids  r a t i o  d i s t r i b u t i o n s  
as w e l l  as bubble s i z e s  and v e l o c i t i e s  were a l s o  a c ce s s i b l e  (Sec t ions  4.2 and 
2. The th re sho ld  va lues  E requi red  f o r  t h e  d i g i t a l  d a t a  ana l y s i s ,  
c 9  
were found t o  vary be tween0.75  and 1.2 v o l t s  by matching t h e  a i r  d ischarge  
r a t e  measured a t  a f low crass-sec t ion  t o  t h e  i n j e c t i o n  r a t e  (Sec t ion  4.2.5.1.1). 
3. The Optimal Sampling technique developed i n  Sec t ion  4.2.3.1 f o r  
d a t a  a c qu i s i t i o n  and processing reduced t h e  e f f o r t  requi red  f o r  d a t a  handling 
by about 50%. 
4.  Experimental measurements v e r i f i e d  t h e  approximation of cross-
s e c t i o n a l  voids  r a t i o  p r o f i l e s  by Gaussian d i s t r i b u t i o n  curves,  and confirmed 
t h i s  d i s t r i b u t i o n  f o r  f l u i d  v e l oc i t y  p r o f i l e s  (Sec t ion  5.2) .  
5. The cross-sec t ional  a s  w e l l  a s  a x i a l  d i s t r i b u t i o n s  of bubble  
s i z e s  and t h e i r  corresponding v e l o c i t i e s  were found t o  be reasonably cons tant  
f o r  a g iven  t e s t .  The cons tant  was d i f f e r e n t  f o r  each a i r  i n j e c t i o n  r a t e  
(Sec t ion  5 . 2 ) .  
6. The p o s s i b i l i t y  of r e l a t i n g  t h e  induced s l i p  v e l o c i t i e s  t o  t h e  
corresponding bubble s i z e s  i s  shown i n  Fig. 5.19. The bubble s i z e s  may, i n  
i n  turn, be est imated from the l i t e r a t u r e  presented  i n  Section 2 .1  f o r  given 
i n j e c t i o n  r a t e s .  
7 ,  The r e l a t i v e  spread r a t e  of voids  r a t i o ,  X was determined from 
t h e  measured voids r a t i o  and v e l o c i t y  d i s t r i b u t i o n s ,  Contrary t o  e a r l i e r  
expec ta t ions  (Cedemal l  and D i tm a r s , . l 9 7 0 ) , ' i t  was found t o  be  of t h e  o rde r  
. . 
of 0 - 5  o r  g r e a t e r ,  r a t h e r  than the'.O. 2 assumed, Furthermore i t  va r i ed  wi th  
such floss parameters as a i r  i n j e c t i o n  r a t e .  
8. Resul t s  of t he  measurements, i n  gene ra l ,  e x t ended ' t h e ' r ange  of 
d a t a  ava i l ab l e ,  e spec i a l l y  f o r  s c a l i n g  purposes. 
B) . Analy t i ca l  Findings 
1, Dimensional cons ide ra t ions ,  along wi th  t h e 3 i n d i n g s  of t h e  
bubble genera t ion  s t u d i e s ,  e s t ab l i s hed  t h a t  t h e  induced 'bubble  sc reen  
c h a r a c t e r i s t i c s  a r e  funct ions  of a source s t r e ng t h  ( t h i s  i s  i n  t h e  form of a 
dens ime t r i c  Froude number) and a s c a l e  f a c t o r ,  i n  add i t i on  t o  a geomeitrical 
pa=ameter iSection3 .1 )  " 2 -viscous- alid effects  w,z=,z faiirld t o~ u f f a c et e r ~ ~ i ~ ~ ~  
be i n s i g n i f i c a n t  (Appendices 1 and 2 ) .  
2 ,  S imi l i t ude  cons ide ra t ions  confirmed t h a t  p e r f e c t  s im i l i t u d e  f o r  
bubble screens  may be achieved by e i t h e r  us ing  d i f f e r e n t  f l u i d s  i n  model 
and pro to type ,  o r  by opera t ing  t h e  model under a p a r t i a l  vacuum. When ne i t h e r  
is  convenient,  t he  d i s t o r t i o n  f a c t o r  must be  accounted f o r  (Sec t ion  3.2.1). 
3. Within t h e  r e s t r i c t i o n s  of t h e  d i s t o r t i o n  f a c t o r ,  i f  t h e  source 
s t r e n g t h  is sca led  proper ly  then t h e  induced flow as we l l  a s  t h e  sizes and 
v e l o c i t i e s  of  t h e  bubbles generated w i l l  a l s o  be  s c a l ed  (Sec t ion  3.2..1). 
4.  A s e t  of semi-emprical r e l a t i o n s h i p s  were formulated t o  s c a l e  
t h e  induced screen  widths,  c e n t e r l i n e  v e l o c i t i e s  and d ischarge  r a t e s  (Sect ion 
.5. . The s c a l e  f a c t o r  w a s  found t o  .account  f o r  c omp r e s s i b i l i t y  of 
. t h e  bubb le s '  as we l l  as t h e '  s im i l i t u d e  d i s t o r t i o n  f a c t o r  (Sec t ion '  5.4.2)* 
6 .  Through h a l o g y  wi th  s imple  plumes, t h e  flow en t ra inment  co-
e f f i c i e n t  a and t h e  r e l a t i v e  spread  rate of vo ids  r a t i o s ,  A ,  were found t o  
depend on bo th  t he  sou rce  s t r e n g t h  and the  s c a l e  f a c t o r .  A s i m i l a r  dependence 
is  expec t ed  t o  e x i s t  f o r  s l i p  v e l o c i t i e s  a s  we l l .  However, t h e r e  i s  no d a t a  
takez a t  d i f f e r e n t  s c a l e s  t o  v e r i f y  t h i s .  The s c a l i n g  r e l a 2 i ~ i l s h i p s  and the 
l im i t e d  amounts of a v a i l a b l e  d a t a  were used t o  e s t a b l i s h  t h e s e  dependencies 
(Sec t ion  5 . 4 , 2 ) .  
7. Tne plume width s c a l i n g  r e l a t i o n s h i p s ,  when ex t r apo l a t ed ,  pro-
v i d e  an e s t ima t e  of v i r t u a l  source  depths  f o r  2- and 3-Dimensional plumes f o r  
use  i n  t h e  mathematical  model (Sec t ion  5.4.2) . 
8. Er ro r s  due t o  use  of t h e  Boussinesq Approximation i n  mathematical  
models were found t o  be  i n s i g n i f i c a n t  (Sec t ion  5.5). 
9 .  The assumption of t h e  ex i s t e n c e  of a v i r t u a l  sou rce  t oge t h e r  w i th  
t h e  use  of  s imple  plume s o l u t i o n s  (IC3) were found t o  b e  accep tab l e  t o  start  
t h e  s o l u t i o n s  f o r  t he  mathematical  models i f  t h e r e  was a r e l i a b l e  estimate of 
t h e  v i r t u a l  source  depth. I f  the l a t t e r  cond i t i on  i s  n o t  s a t i s f i e d ,  t h e  ICI, 
proposed i n  t h i s  s tudy ,  may be used t o  gene ra t e  t h e  necessary  i n i t i a l  condi- 
t i o n s  (Secion 5.5). 
10. Due t o  constancy of t h e  l o c a l  dens ime t r i c  Froude number i n  t h e  
bubble  s c r e en s ,  a v a r i a b l e  entrainment  c o e f f i c i e n t  of t h e  f  o m  proposed by 
Fox (1970) produces results comparable t o  a cons t an t  a (Sec t ion  5.5). 
11. Contrary t o  f i nd i ng s  of ass om e  previous investigators, S I J ~ ~  
Cederwall  and Ditmars (1970), t h e  mathematical  model was found t o  be  
s e n s i t i v e  t o  t h e  va lues  of A, This  i s  similar t o  t h a t  found f o r  entrainment  
c o e f f i c i e n t  and s l i p  v e l o c i t i e s  (Sec t ion  5.5) , 
12.. Comparison of . t h e  p r ed i c t i on s  of . t h e  matheinatical model wi th  
t h e '  a v a i l a b l e  r e s u l t s  was s a t i s f a c t o r y ,  except f o r  e s t ima t ion  of t h e  center -  
l i n e  v e l o c i t i e s .  Exis tence  o f '  t h i s  discrepancy f o r '  3 -~ imens i ona l  plumes a s  
.well  as 2-Dimensional plumes po in t s  t o  t h e '  po s s i b l e  inadequacy of t h e  
mathematical  model, r a t h e r '  than  t h e  ex i s t ence  of sys t ema t i c  experimental  e r r o r s  
a s  po s t u l a t ed  f o r  t h e  2-Dimensional case  by Cederwall and Ditmars (1970) and 
Brevik (1977) . 
As a r e s u l t  of t h e  above conclusions and the '  d i scuss ions  presented  
i n  Chapter 5, t h e  fol lowing emerge a s  d e s i r ab l e  ex tens ions  of t h e  p r e s en t  
s t udy  and/or  a s  poss ib l e  complementary invest iga-t ions.  
1. The s c a l i n g  r e l a t i on sh i p s  presented  i n  Chapter 5 were based on 
l im i t e d  da ta .  Therefore i t  is  h igh ly  d e s i r ab l e  t o  use  t h e  techniques  developed 
h e r e  t o  conduct add i t i ona l  experiments,  e s p e c i a l l y  a t  l a r g e r  s c a l e s .  Due t o  
t h e  l im i t e d  depth ava i l ab l e  i n  t h e  p resen t  experimental  f a c i l i t i e s ,  t h i s  has 
n o t  been poss ib l e .  New experimental  d a t a  w i l l  be p a r t i c u l a r l y  va luab le  f o r  
s c a l i n g  of s l i p  v e l o c i t i e s ,  bubble s i z e s ,  t h e  voids r a t i o s ,  and t h e  r e l a t i v e  
sp read  r a t e s  A, s i n ce ,  f o r  t hese ,  no o t he r  d a t a  than those  obta ined  i n  t h i s  
s tudy  are ava i l ab le .  
2. Another t op i c  involves i nve s t i g a t i on  of t h e  discrepancy i n  
t h e  c e n t e r l i n e  v e l oc i t y  p r ed i c t i on s  of t h e  mathematical model. A s tudy  under 
cons ide ra t ion  along t h i s  l i n e  involves  reexamination of t h e  d a t a  ana l y s i s  
r eco rds  t o  t e s t  the v a l i d i t y  of Cederwall and Ditmars 's  (1970) explanat ion  f o r  
t h i s  discrepancy.  The record  f o r  each t e s t  po i n t  conta ins  5 s e c  averages of 
t h e  l o c a l  plume c h a r a c t e r i s t i c s .  In s t ead  of t h e  averages,  t h e  maximum of each 
r eco rd  must be  used t o  r epea t  t h e  whole procedure t o  see i f  t h e  comparisons 
a r e  improved. If such an e f f o r t  does not  y i e l d  t h e  d e s i r ed  explanat ion ,  then 
t h e  mathematical model w i l l  have t o  be reformulated. In add i t i on  t o  t h e  mass 
- - - 
t r a n s f e r  between t h e  bubbles  and t h e  surrounding f l u i d ,  c on s i d e r a t i on  of 
such o t h e r  f a c t o r s  as t h e  i n f l u enc e  of bubble  v i r t u a l  mass and drag  e f f e c t s  
on the mnmentlm- f l w w  irr t h e  ~~uzz?P,, turbulentm d  the contrihuti~nef 
t r a n s p o r t  of t h e  buoyancy f l u x  may prove valuable . .  Recent lv ,  Kotsovinos 
and L i s t  ( 1 997 )  r e po r t e d  t h a t  t he  t u r bu i en t  buoyancy f i u x  f o r  2-Dimensional 
plumes may c o n t r i b u t e  a s  much a s  40% t o  t h e  t o t a l  buoyancy f l u x .  
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APPENDIX 1 
Surf  a c e  Tension and Compres s ib i l i t y  E f f e c t  
The e f f e c t  o f '  t h e  s u r f a c e  t e n s i on  f o r c e s  and t h e  v a r i a t i o n  of 
t h e b u b b ~ e v o l ume ,  due t o  the r educ t i on  of t h e  h y d r o s t a t i c  p r e s s u r e  as 
t h e  bubb le s  r i s e  t o  t h e  s u r f a c e ,  w i l l  be  checked h e r e .  The bubble  volume 
V may be  r e l a t e d  t o  t h e  sur rounding  p r e s s u r e  by: 
It w i l l  s u f f i c e  t o  cons ide r  t h e  i so the rma l  case :  
For  a i r -wa t e r  c a s e  a = 0.005 l b s / f t  and a t y p i c a l  bubble  s i z e  r = 0.01  f t  
(0 .3  cm) : 
Since  bubbles  a r e  l i k e l y  t o  expand as they  r i s e  ( t hus  A P  d ec rea se s )  
and s i n c e  bubbles  i n  p ro to type  s i t u a t i o n s  a r e  l i k e l y  t o  be  l a r g e r ,  t h e  
s u r f a c e  t e n s i o n  e f f e c t s  on bubble  s i z e  can b e  neg l ec t ed :  
v 
The v a r i a t i o n  of 7z with  z/H is  t abu la t ed  below f o r  p a  - 0.00251 s l u g s / f t  3 
0 

and pw = 1.96 s l u g s / f t  3 
For depths up t o  4 . 24  f t ,  t he  con t r i bu t i on  i s  l e s s  than  10%. 
Var i a t ion  i n  air dens i ty  can be ignored s i n c e  i t  i s  a l ready very  small ,  
bu t  t h e  v a r i a t i o n s  i n  buoyancy due t o  v a r i a t i o n  of t h e  bubble volume 
(vZ/vo) must be considered f o r  depths g r e a t e r  than  4 f t .  
APPENDIX 2 
Reynolds Number E f f e c t  
The d i s cha rge  Reynolds number f o r  a 3-Dimensional j e t  can be  
e xp r e s s ed  as: 
i n  which U i s  t h e  e x i t  v e l o c i t y ,  D t h e  nozz l e  d iameter  and v t h e  k inemat ic  
0 
v i s c o s i t y  f o r  t h e  f l u i d .  The f low is  cons idered  t o  be t u r bu l en t  f o r  
Re 2 2000. Within t h e  j e t ,  a  l o c a l  Reynolds number can be  de f ined  a s : 
where U and b  a r e  t h e  l o c a l  c e n t e r l i n e  v e l o c i t y  and je t  wid th .  Reb can 
m 
b e  r e l a t e d  t o  Re by no t i ng  t h a t  f o r  s imple  j e t s  (Rouse,  1 9 5 9 ) : 
w i t h  x as t h e  a x i a l  d i s t a n c e  and C a sp r ead  c o e f f i c i e n t  de f ined  t o  be :  
and 
For  t h e  exper iments  conducted: 0.5 < Urn .< 2.0 f p s  
b -5 20 . 0 1  < g < O e l O ,  H = 3 .3  f t ,  and v = 1.1x 10  f t  / s e c  (67 '~)  
The re fo re :  Re = 2545 f o r  b/H = 0.01  and Urn = 0.6 f p s  
= 25460 = 0.10 I f  
APPENDIX 3 
Procedure f o r  S p e c t r a l  Cornputat ion  
A t y p i c a l  procedure f o r  ob ta in ing  a  power s p e c t r a l  d en s i t y  
f unc t i on ,  PSDF, w i l l  b e  ou t l i n ed  as  i t  was used i n  t h i s  s tudy.  The procedure 
fo l lows Bendat and P i e r s o l ' s  (19 71) recommendations c lose ly .  
1.a)  . Remove t h e  mean of t h e  d a t a  and de f ine  t h e  new time h i s t o r y  a s  : 
-
x n  = E - E = x ( t o + n h )  n= l , 2 ,  ...N 
. . 
where E k d  E a r e  the  d i g i t a l  ins tan taneous  sensor  output  ( i n  v o i t s )  
and i t s  mean, r e spec t ive ly ;  t i s  a r e fe rence  time corresponding 
0 
t o  t h e  f i r s t  po i n t  i n  t h e  d a t a  sequence, h  t h e  sampling i n t e r v a l  and 
N i s  t h e  number of po in t s  i n  t h e  sequence. 
1 )  Truncate t h e  d a t a  sequence ( o r  add n u l l  d a t a  po in t s )  t o  s e t  ~ = 2 '  
(N = 8192 and p = 13) . 
2. 	 Taper t h e  ends of t h e  r e s u l t i n g  d a t a  sequence t o  reduce leakage 
(Example: Cosine t ape r  d a t a  window). 
Compute t h e  Four ier  components as  by FFT (Brigham (1974) p resen t s  an 
FFT a lgor i thm i n  For tan) :  
where fk = kmf = - - - = 0,1 ,2 , .  . .N-1k - w i t h  kT Nh 
Compute t h e  raw power spectrum e s t ima t e  a s :  
-5. Adjus t  Gk f o r  t h e  t ape r ing  e f f e c t  t o  o b t a i n  t h e  periodogram o r  
- w1
t h e  raw PSDF: Gk = (-0.875 ) .Gk f o r  cos ine  t a p e r .  
" 
6. The raw spectrum, Gk, can be  averaged by one of t he  fo l l owing  
6 

t echniques  t o  ob t a i n  t h e  f i n a l  smooth PSDF, Gk, at  t h e  expense 
of reduced r e s o l u t i o n ,  
i )  Frequency Smoothing: R neighbor ing  frequency components of  
-
G a r e  averaged. k 

i i )  Segmental Averaging: t h e  r e s u l t s  from q s e p a r a t e  t i m e  s l i c e s  
are averaged. 
i i i )  Combined Averaging: bo th  t h e  frequency smoothing and segment 
averag ing  a r e  used s imul taneous ly .  
The r e s u l t i n g  spectrum, t he  corresponding e f f e c t i v e  band wid ths ,  
B,  degrees .  of freedom;n, and t h e  normalized s t anda rd  e r r o r s ,  e ,  of the 
e s t ima t i o n s  a r e  t a bu l a t ed  i n  t h e  fo l lowing  t a b l e s .  The s i g n i f i c a n c e  of  
t h e  band wid ths  and the  degrees  of freedom of t h e  e s t ima ted  spectrum are 
such t h a t  t h e  record  du ra t i on  i s  r e l a t e d  t o  them as (Heasl ip ,  1975 ) :  
The l a r g e r  B r s  r e q u i r e  sma l l e r  d a t a  records  and a l l ow  f o r  f a s t e r  
and cheaper  computation of t h e  PSDF bu t  lower t h e  f i n a l  r e s o l u t i o n ,  whereas 
t h e  h i g h e r  n ' s  ( 2 100 v e r s u s  i: 30) guaran tee  s t a t i s t i c a l l y  more a c c u r a t e  
e s t ima t e s . 
1. 	Raw 

1-1 -2, 	 Frequency " -
Smoothed e .I Gk+i 
1=0 

3. 	 Segment qNh --L 1 Gk,j.Liver aged 4 j= l  
4. 	 Combined " 1 B l l l = L q / ~  2 l q  l/a

Averaged 
S p e c t r a  h N P T l q B n E Ec fmax(HZ) 
(ms )  ( s e c s )  (Hz) 
Liqu id  . I 2 5  8192 1 3  1 , 0 2 4  1 2  1 11.92 24 0.29 0 .80  75 
I IM i x t u r e  " " 1 2 , 2 8 8  1 12 0 0 9 8  24 Oe29 - 175 
111 I SAir 	 '' 1 .024  1 2  1 11.12 24 0.29 0 .50 500 
Data was r e c o r d e d  a t  a t a p e  speed  of 30 i p s  and sampled a t  a ra te  of 8OOO 
samples  p e r  s e c  (f  = 4000 Hz).
C 

-- 
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APPENDIX 4 
Experimental  Data 
Tables  1 and 2 provide g e n e r a l  informat ion  on t h e  exper iments  whi le  
each of  Tab les  3-8 shows t h e  measured d a t a  f o r  one of T e s t s  8-13, The foflow- 
i n g  n o t e s  apply f o r  t h e  l a t t e r  s e t  of t a b l e s .  
1. 	 For tes t  p o i n t s  which had more t han  500 bubbles ,  only t h e  f i r s t  500 were 
used t o  g e t  t h e  bubble c h a r a c t e r i s t i c s .  
2. 	 When cons ide r ing  t h e  " c h a r a c t e r i s t i c s "  f o r  c ross - sec t iona l  aver.ages, only  
those p o i n t s  w i t h  more than 15-25 bubbles  were konsidered. 
3 .  	 For t h e  c h a r a c t e r i s t i c  bubble in fo rma t ion  (Db 9  Ub and EP) * i n d i c a t e s  t h e  
Parameter  Best . D i s t r i b u t i o n  ' m a r a c t e f i s f i c ' V a l u e :  
Leas t-Square-Fit ted-Log-Normal Geometric Mean 
Db 
 (LS-er;s) 
A r i t b e t ic ?4ean 
E Normal (N) Ari thmet ic  Mean, 
P 
Table  1 	General  In format ion  on Both t h e  P r e P h i n a r y  and 
F i n a l  E x p e r b e n t s  
T e s t  I n j e c t o r  	
-
H 
-Qa I -Ta 
'ft 	 cfs 06 s g c s
- - ,. P 
Sandstone (32D) 3.541. 2.24x10-' 13.2  100 

Sands tone  (3-D) 

Sands tone  (3-b) 

64 x 1/32" P ~~oi-- 3,541 2 + 2 5  14.7 100 
. -
1 6  x 1/16' '  D P o r t s  3.541 2.24 1 4 . 1  100 
4 x 	1/8IP D P o r t s  3.541 2.25' 1 4 , 3  100 
Sandstone (3-D) . -3.33 2 .5  Table-2 600 
Smdstone  (3-Dl 3,332 . .1.00. Table-2 ' .Variable 
Sands tone  (3-D) 3,332 2.50 Table-2 . V a r i a b l e  
Sandst ~ n e(3-0) ? 117 e~ Table-2 Variable 
, 
d e V Vnn 
Sandstone (3-D) 3.257 1.50 Table-2 V a r i a b l e  
18" 	S l o t  with 1/32" 3.270 25.0 Table-2 V a r i a b l e  
P o r t s  (2-D) 
1 8 q P S l o t w i k h 1 / 3 2 8 8  3.275 3,00 Table-2 V a r i a b l e  
P o r t s  (2-D) 
P : 	Pre l imina ry  
F: Fina l  
Ta = Averaging Pe r iod  
Table 2 Conditions f o r  F i na l  Experiments 
* .E Q.:T&t-X-Sect ion Measurement &/H tf Type o f  
.Q (..a).c
-
Poin t s  
-- vo l t s- ---- 2 '1 
* 
Refer t o  Table 4.2 f o r  explanat ion  
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T a b l e  4 D a t a  f o r  T e s t  9 
mm m f p s  f p s  f p s  cm v o l t s  
2 0 .0  0.0 1 .648 0.263 0.0450 ,1.886 0 ,238  0.473 2.826 462 
3 -20 . O . O  1.035 .325 -0452 1 .321 -286 ,345 3 .158 444 
4 -40 0 .0  0.182 .726 .0128 0.440 .258 . I 28  3.370 109 
5 -60 0.0 , 0 4 1  . I 6 3  0.0 - - - - 0 
6 0.0 -5 1 .664 .216 .0418 1.937* .273 .495 2.886 417 
7 0 .0  -20 0.747 ,350 .0451 1.050 .303 ,292 3.239 420 
8 : 0 . 0  -40 .245 .434 .0056 0.409* -164 .164* 2 .988 47 
9 0 .0  10 1 .884 . I 5 1  .0133 2.148* .264 .552 2.562 136 
10 0.0  30 0.950 .296 .0488 1.263 ,313  ,325 3.095 507 
11 0.0 50 . l o 6  .693 .0046 0.247* , 141  -080 2 ,946 48 
1 2  5 0.0 1.829 . I60  ,0328 2.118* ,289 .572 2.364* 315 
13 55.8 Q,O 0,104 $477  0 .0  - - - - 0 
1 4  30.8 0.0 .764 .614 .0334 1.012 .248 -274 3.176 340 
187 
Tab l e  5 Data f o r  T e s t  10 

Table  6 Data f o r  T e s t  11 
mm m fps  f p s  f p s  ern Volts 
Tab l e  7 Data f o r  T e s t  12 
uP/u 

0 . 3 31  
.332 
e433  
s459 
.467 
,587 
,395 
,432 
5 6 1  
.700 
.C 

0 .0993  
.0972 
- 0459  
.Q3L+O 
.0316 
.0098 
.0667 
,0446 
,0216
."n944 
Ub 

f p s  
1.677 
1.700 
1.473 
1 .391  
1 . 388  
1.069'  
1 .491  
1.436 
1.276 
ci?33 
Table  8 Data for T e s t  13 
*b E P 
fps Volts 
0,853 
.El74 
.930 
.764 
-469 
.602 
.684 
,535 
- . 
